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Abstract. This paper provides a proof of a p-adic character formula by means 
of motivic integration. We use motivic integration to produce virtual Chow 
motives that control the values of the characters of all depth zero supercus- 
pidal representations on all topologically unipotent elements of p-adic SL(2); 
likewise, we find motives for the values of the Fourier transform of all regu- 
lar elliptic orbital integrals having minimal non-nogative depth in their own 
Cartan subalgebra, on all topologically nilpotcnt elements of p-adic sl{2). We 
then find identities in the ring of virtual Chow motives over Q which relate 
these two classes of motives. These identities provide explicit expressions for 
the values of characters of all depth zero supercuspidal representations of p- 
adic SL(2) as linear combinations of Fourier transforms of semi-simple orbital 
integrals, thus providing a proof of a p-adic character formula. 



Introduction 

The representation theory of groups over the finite fields is stated entirely in 
terms of algebraic geometry by the work of Deligne-Lusztig [Deligne-Lusztig 1976] 
and Lusztig [Lusztig 1985]. Naturally, it is desirable to "lift" the geometric con- 
structions to the p-adic groups. Motivic integration offers an approach to this 
problem which is very different from all previous ones; although it is not aiming 
at a complete understanding of the geometry underlying various objects of repre- 
sentation theory, it could in principle provide an algorithm for computing them in 
each individual case. This paper is essentially an experiment illustrating this point. 

In this paper we work with the group SL(2) over a p-adic field for the simple 
reason that the geometric objects that arise as a result of computing the "motivic" 
volumes turn out to be easily computable by hand; in fact, all the ones that are 
non-trivial turn out to be conies. For bigger groups both the algorithms and the 
results are of course much more complicated, but wc believe that still there are 
computable geometric objects responsible for the character values in general, and 
it will be the subject of a future article. There is already substantial evidence that 
the objects arising in harmonic analysis on reductive p-adic groups are "motivic" 
(in particular, computable). The most spectacular result in this direction appears 
in a very recent article [Cluckers-Hales-Loeser 2007] that shows that the orbital 
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integrals arising in the Fundamental Lemma are motivic. Earlier papers on this 
topic include [Cunningham-Hales 2004] that provides an explicit description of a 
certain class of scmisimple orbital integrals, and [Gordon 2004]. where it is proved 
that the values of characters of depth zero representations are motivic near the 
identity. 

The virtual Chow motives we calculate appear in the context of the following 
expansion for the character of any depth zero supercuspidal representation of p-adic 
SL(2). (The precise statement is Theorem 5.) Let p be an odd prime, let K be a 
p-adic field with residue field (so g is a power of p) and let G = SL(2, K). We use 
the modified Cayley transform cay(y) = (1 + Y/2){1 - Y/2)-'^ to pass between the 
topologically nilpotent elements in the Lie algebra and the topologically unipotent 
elements in the group. We show that there is a finite set of regular elliptic orbits 
represented by the elements in the Lie algebra g :=s[(2,]K), each having minimal 
non-negative depth in its Cartan subalgcbra. with the following property Let tt 
be an arbitrary depth zero supercuspidal representation of G and let 0^ be the 
distribution character of tt in the sense of Harish-Chandra. Then there are rational 
numbers (tt) such that 



for all regular, topologically nilpotent elements Y of g. (Here, and fix^ denotes 
the generalized function on g corresponding to the Fourier transform of the orbital 
integral at Xz.) The coefficients Cz{tt) are given in Table 4, from which one sees 
that , up to sign (given by a quadratic character at —1), Cz(7r) is in fact a rational 
function in q (the cardinality of the residue field of K) with integer coefficients 
which are independent of g; of course, this is a meaningful observation only if one 
clarifies in what sense the left- and right-hand sides of equation (1) may be viewed 
as functions in q, as we shall do later in the paper. We shall refer to equation (1) as 
a semi-simple character expansion. The question of uniqueness of the coefficients 
is discussed in Section 5. 

It is fair to say that the existence of a semi-simple character expansion is well- 
known in one form or another, as is the fact that it extends, mut.mut., to a much 
larger class of representations and groups. The novelty of this paper lies in our 
proof. We use motivic integration to "separate" the character and each of the 
orbital integrals into a linear combination of the values of the corresponding function 
defined over the residue field, with coefficients that are virtual Chow motives. Then 
we can see directly that on each side of the semi-simple character expansion we 
have the combination of the same values with the same coefficients. This approach 
clearly shows two ways in which algebraic geometry appears in the values of the 
characters and orbital integrals: the finite field function is in fact the characteristic 
function of a character sheaf; and the "motivic" coefficients come from the process 
of inflation and induction that connects our representation with the representation 
of the group over the finite field. 

As a consequence of this perspective, we find much more than the coefficients 
Cz{'k) promised above. In fact, we produce expressions for the values of the charac- 
ters of all depth zero supercuspidal representations on all topologically unipotent 
elements of G. Likewise, we produce expressions for the values of the Fourier trans- 
form of all regular elliptic orbital integrals having minimal non-negative depth in 
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their own Cartan subalgebra, on all topologically nilpotcnt elements of g. Compar- 
ing these leads to Table 4 and the proof of equation (1). The character tables for 
SL(2,K) were computed by Sally and Shalika in [Sally-Shalika 1968]. Since they 
use a different construction of the supcrcuspidal representations of SL(2) than in- 
duction from a compact subgroup used here, it is difficult to match our calculations 
with their classical calculation before wc sec the result. However, once we have the 
character values, it becomes easy to find them in the character tables computed 
by Sally and Shalika. This can, in fact, be used to match the representations of 
depth zero obtained by the modern construction with the equivalent representations 
appearing in those classical tables. 
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1. Basic Notions 

Throughout this paper, K denotes a p-adic field; by this we mean that K is 
a field equipped with a non-archimedean valuation such that it is complete and 
locally compact with respect to the topology determined by the norm, and such 
that the residue field (which is necessarily finite) has characteristic p. Notice that 
we do not put any condition on the characteristic of K. As is well-known, any 
such K is a finite extension of Qp or of Fp((t)), where t is transcendental over Fj,. 
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The ring of integers of K will be denoted Ok and the maximal ideal in Ok will be 
denoted pj^. The residue field will be denoted ¥q. We reserve q for the cardinality 
of Vq, and p for the characteristic of F^, so that g is a power of p. 

Next, wc fix a prime £ different from p and an algebraic closure of Qt- We will 
shortly assume p =/= 2. Henceforth, by 'representation' we mean a representation in 
a vector space over Q(. 

In Sections 1.1 and 3.1 we make brief reference to the Bruhat-Tits building 
and Moy-Prasad filtrations for G (see [Moy-Prasad 1994]). In those sections of 
the paper, we will use the notation of Moy-Prasad. In particular, for each pair 
(a;,r), where a; is a point and r is a non-negative real number as above, Gx.r is a 
compact open subgroup of G; when r = 0, this is often abbreviated to Gx- For each 
pair (x, r) as above, let G^ ^ be the smooth integral model for Gk introduced in 
[Yu 2002]; the set of integral points in G^ ^ coincides with Gx.r- We write Gx,r for 
the reductive quotient of the special fibre of G^ ^. Analogous notions apply to the 
Lie algebra g: for any point x and any real number r, gx,r denotes the Moy-Prasad 
lattice in g and ^ denotes the corresponding integral model for gx while Qx.r 
denotes the corresponding Lie algebra scheme over F^. When we use Q^.r and Gx.r, 
we will often write these down explicitly, with the hope that readers unfamiliar 
with Moy-Prasad filtrations should have little difficulty with the essential features 
of this paper. 

Note that we have not yet chosen a uniformizer for IK, and that none of the 
constructions above require such a choice. 

1.1. Depth-zero representations. In this section we remind the reader how to 
construct all depth zero supercuspidal irreducible representations of G, up to equiv- 
alence. 

Let (tt, V) be a representation of G. For each point x in the Bruhat-Tits building 
for G, let Vx denote the subspace consisting of those v £V such that ■jT{k)v = v for 
each k € Gx.o+- Then Gx,o acts on Vx, and the resulting representation is denoted 
TTx- By definition, the representation tt has depth zero if Vx is non-trivial for some 
point X in the Bruhat-Tits building for G. 

The canonical map Ok Fq will be denoted by x x and, with x and r as 
above, we write px,r ■ Qx.r — Qx.r for the quotient map with kernel equal to the 
pro-nilpotent radical Sx.r+ of 2x,r- 

For each depth zero tt and each point x in the Bruhat-Tits building for G, 
the representation tTx factors through px.o : Gx.q ^ Gx,o- Let tTx denote the 
representation of Gx,o on Vx such that TTx{k) = (tt^ o pxfi){k) for all k € Gx\ then 
Tlx is called the representation of Gxfi obtained by compact restriction and is also 
denoted cRes^^ ^ (tt, V). 

From the other direction, let a; be a point in the Bruhat-Tits building for G 
and let (a, W) be a representation of Gx, and let (p* q^' ^) the representation 
of Gx defined by [p*xs)(y){k) = a{pxfi{k)), for each k e Gx- The right-regular 
representation of G on the space of compactly supported functions f : G ^ W 
such that f{kg) ~ {p*x f id) for all g G G and all k £ Gx is called the 

representation of G obtained from {a, W) (or (p* gcr, W)) by compact induction 
and denoted clnd^^ {a, W). 

Although (cResg^ , clndg^ ) is an adjoint pair of functors (see [Vigneras 2003]), 
one must be careful: even if tr is a cuspidal irreducible representation of Gx, it does 
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not follow in general that clndg^cr is an admissible representation of G, let alone 
supercuspidal. To clarify matters somewhat, we have the following result, which 
wc paraphrase from independent results by Lawrence Morris and Moy-Prasad. For 
each point x in the Bruhat-Tits building for G, the compact restriction functor 
cResg restricts to a surjection from supercuspidal irreducible representations of G 
to cuspidal irreducible representations of Gx ■ Moreover, if tt is a depth zero super- 
cuspidal representation of G then there is a vertex x in the Bruhat-Tits building 
for G such that clndg^ (cResg^Tr) is equivalent to tt. 

There are exactly two G-orbits of vertices in the Bruhat-Tits building for G; 
let (0) and (1) be the adjacent vertices corresponding to the maximal compact 
subgroups below. 

a, b,c,d & Ok', ad — bc= 1 j- 

a, d e Ok, & € Pk\c G pj|j; ad - be = 1^ . 

The special fibres of the integral models G^qj and G^^-) are both SL(2)f^; it follows 
that G(o) and G(i) are both SL(2,Fq). Therefore, up to equivalence, all depth zero 
supercuspidal irreducible representations of G are produced by compact induction 
from cuspidal irreducible representations of SL(2,Fg). Accordingly, to enumerate 
all depth zero supercuspidal irreducible representations of G it is necessary to recall 
the construction of cuspidal irreducible representations of SL(2, F^). This we will do 
in Section 1.3. In the meantime, we record the result: each depth zero supercuspidal 
irreducible representation of G is equivalent to one in Table 1, where all terms are 
defined in Section 1.3. 



a b 
c d 



Gil 



(1) 



b 
d 



Table 1. The representations tt appearing in Theorem 5 



7r(O,0):=cIndg^,,,(a,) 


^(l,^):=clndg,^,(a,) 


7r(0,+):=clndg^„^(a+) 


7r(l,+):=clndg,^,(a+) 


^(0,-):=cIndg,^,(a-) 


7r(l,-):=clndg,^^(a-) 



1.2. Gauss sums. Before moving on to a review of the cuspidal irreducible rep- 
resentations of SL(2,Fq), we say a few words about Gauss sums, which are the 
prototype for much that follows. Let sgn : Fg — > be the quadratic character of 
F^ extended by zero to ¥q. Arbitrarily but irrevocably, we fix an additive character 
ijj : ¥q ^ Qi. Let sgh denote the Fourier transform of sgn with respect to ip in the 
following sense: 

sgh(a) ^ sgn{x)ip{ax). 

a;eAi(F,) 
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(Note that this Fourier transform is not unitary.) Consider the Gauss sums 7± : 
¥g Qe defined by 

7+(a) := '^(^"^ 

{an6Ai(F,)|sgn(a;)=+l} 

7-(a):= X! i^ixa). 

{a:eAi(F,)|sgn(x) = -l} 

Then 7+ — 7_ sgn. Elementary arguments show that 7+ + 7_ = — 1 and (7+ — 
7_)^ = (7Sgn(— 1). Fix a square-root of q in Qi. Then there is a unique square- 
root C e of sgn(— 1) (determined by -0) such that 

(4) sgh = ^Csgn. 

Observe that sgn is an eigenvector for the Fourier transform with eigenvalue ^^C- 

Remark 1. We wish to emphasize here that C G is determined by two choices: the 
square-root ^ of q in Qi and the additive character -tp : ¥q ^ Qe. Also, although 
is a fourth root-of-unity, it is not necessarily a primitive fourth root-of-unity; 
indeed, = sgn(— 1). 

1.3. Cuspidal representations of SL(2,Fq). Let T denote the anisotropic torus 
of SL(2)f, with Fq-rational points 



(5) r(F,) = 



X y 
ey X 



eSL(2,F,)|x^-j/^e=l 



where e is a non-square in . 

Let denote the Delignc-Lusztig induction functor of [Delignc-Lusztig 1976]; 
this takes virtual representations of T{¥q) to virtual representations of SL(2,F(y). 
If is non-trivial and the order of 9 is not 2 (so 9 is in 'general position') then 
{—1)R^{9) is an irreducible cuspidal representation of SL(2,Fq), which we hence- 
forth denote ag; in other words, as virtual representations, 

(6) R^i9) = -ag. 

Let Qt denote the restriction of trace i?j;(6') to the set of unipotent elements of 
SL(2, Fg), where 9 is in general position; as the notation suggests, Qt is independent 
of ^. This is the (classical) Green's polynomial for SL(2,Fg). For future reference: 



(7) Qt (ff) 



1- 5 7^ [J?] A traceg 
0, otherwise. 



(See, for example, the appendix to [Dignc-Michel 1991].) 

If 6*0 is the quadratic character of T{¥q), then the Deligne-Lusztig virtual repre- 
sentation i?y (6*0) contains two irreducible cuspidal representations, comprising the 
Lusztig series for (T, ^o)- It is well-known that the difference between the characters 
of these two representations is supported by the set of regular unipotent elements 
of SL(2,Fq) (see Remark 3). We label the representations in the Lusztig scries for 
(T, ^0) by (T+ and a_ and define 

(8) Qg ■— trace a+ — trace a- 
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in such a way that 
(9) 



Qc 



1 1 
1 



Then, 



(10) 



Qg 



7gC^sgn(&), 
^Csgn(c), 
.0, 



otherwise. 



In particular Qq is supported by regular unipotcnt elements. (For this calculation 
we refer readers to the lovely table from the appendix to [Digne-Michel 1991] with 
the caveat that what they denote q sgn(— 1) is here denoted y/qC^.) 

For a variety of reasons, it is the characters a+ and (t_ which are the most 
interesting. 

Since Qg and Qt arc supported by unipotcnt elements, for all primes p except 
2, we can and shall often abuse notation by considering these as functions on 
the nilpotent elements of s[(2,Fq) by composing them with the modified Cayley 
transform cay(X) = (1 



(.Y/2))(l-(X/2))- 
Qg{[Vo]) = 
Qoii'o'o'])- 



. We then have: 

0; 



and 



= 1 
= 1 
= 1 



Remark 2. We wish to emphasize that the choice of y'q and ip determined C, 
and that we labelled the representations in the Lusztig series {cr+jCr-} for (T, 6*0) 
precisely so that equation (9) would be true. 

We close this section by recalling one small consequence of Lusztig's celebrated 
work on character sheaves and representations of finite groups of Lie type (see 
[Lusztig 1985]). Let a be any cuspidal representation of SL(2,Fg) and let Xa denote 
the restriction of traced to unipotcnt elements. Then there are unique aQ((T) € Qe 
such that 

Xa = ^aQ{a)Q, 
Q 

where the sum is taken over the set {Qt, Qg} of (generalized) Green's polynomials. 
The values of aQ{a) are given in Table 2; they will play a role in the calculations 
for the coefficients Cz(7r) appearing in Table 4. 

Remark 3. The characters of the representations ag and (T+ and (t_ introduced 
above are perhaps best understood in terms of characteristic functions of character 
sheaves. Let 9 be any character of T{¥g) and let Ce be the corresponding Frobenius- 
stable Kummer local system on the etale site of Tf^ ; in this case, the characteristic 
function xce '■ T{Vq) — > of £g coincides with 9 (see [Lusztig 1985, 8.4] for the 
definition of 'characteristic function'). Let ind^ denote the cohomological induction 



8 clifton cunningham and julia gordon 

Table 2. x<t = Eq«q(o-)<3- 





Q = Qt Q = Qg 


a = ae 
a — a± 


-1 

2 2 



functor of [Lusztig 1985]; this takes Frobenius-stable character sheaves for Tf^ to 
Frobenius-stable perverse sheaves for Gf^. If 9 is non-trivial and not quadratic {i.e., 
in general position for SL(2)) then ind^£e[l] is a Frobenius-stable character sheaf 
and the characteristic function of this perverse sheaf is the character of R^{d); in 
other words, 

trace i?^(6l) = XindG£,[i], 

when is in general position. (Note that indy£e[l] is not a cuspidal character sheaf, 
even though trace Rj.{0) is a cuspidal function.) On the other hand, indy£e(,[l] is 
not a character sheaf; rather, it is a direct sum of character sheaves. The algebraic 
group Gf^ admits two cuspidal character sheaves: one, denoted Cq, is unipotent 
(i.e., supported by the unipotent cone in SL(2,Fq)) while the other, denoted Ci, 
is supported by —1 times the unipotent cone. Comparing with the notation above, 
we have Qg = XCo- this paper we are chiefly concerned with the characters 
of cuspidal representations of SL(2,Fg) when restricted to unipotent elements in 
SL(2,Fg); the vector space spanned by characters of cuspidal representations re- 
stricted to unipotent elements is two-dimensional and a basis for this space is given 
by Qg (the restriction of xCo to the unipotent cone) and Qt (the restriction of xce 
to the unipotent cone) where 9 is any fixed character in general position. 

1.4. The elements X^. Before specifying the orbits appearing in equation (1) we 
say a few words about Cartan subalgebras of g, or equivalently, about conjugacy 
classes of forms of GL(1)k in SL(2)k. (These are the proper twisted-Levi subgroups 
of G.) This is precisely the kernel £(K) of the map in Galois cohomology ■ 
H^CK, N) H^(K, G) which is induced by the inclusion N ^ G, where N denotes 
the normalizer of the split torus of diagonal matrices in G. To study this kernel, 
it is useful to first pass to the unramified closure K„r of K in K and observe 
that €(Knr) ~ kerckKn^ contains exactly one non-trivial element and this element 
corresponds to the conjugacy class of forms which split over a (totally ramified) 
quadratic extension of K„f.- Let tq be the trivial element in £(K,„.) and let ri 
be the non-trivial element in £(K„r) • The inclusion Gal(]K/K„r) Gal(K/K) 
induces a surjection in Galois cohomology which in turn restricts to a surjection 
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£(K) <t(Knr) , as pictured below. 

H\K, G) ^i7i(]K,„.,G) 



H^{K, N) ^H^{Knr,N) 



£(IK) 



■g:(]k„ 



1 



The fibre above tq consists of three classes in H^{K,N) and the fibre above ri 
consists of four classes in iJ^(IK, N) if sgn(— 1) = 1 and two classes in iJ^(IEC, N) if 
sgn(— 1) = —1, where sgn : K ^ is the quadratic character of extended by 
zero to all IK. 

We now return to the orbits appearing in equation (1). In order to define these 
orbits, we now pick a uniformizcr w for K and a non-square unit e in O^. For 
reasons which will be apparent later, we also now introduce a new parameter, w, 
taking values in and define Xz{v) in Table 3. Representatives for the orbits 
appearing in equation (1) are given by ■.= Xz{\-)- Notice that each Xz{v) £ q 
above is good, in the sense of [Adler 1998, §2.2]. 

Table 3. Elements Xz{v). Orbits X^ :~Xz{l) appear in Theorem 5. 



z 


Sl S2 


to tl ^2 ^3 


X,{v) 


1- 611 J L erou J 


[On] r 611] r V] r e-ul 



Each of the Xz{v) determines a compact Cartan subalgebra g (independent of u S 
O^), and therefore a cocycle representing a class in keraK. Thus, the summation 
set in equation (1) is the set of cocycles {si, S2, ^2, ^3} C Z^(K,N). However, 
some of these cocycles represent the same cohomology class in H^{K, N), depending 
on the sign of —1 in K; specifically, if sgn(— 1) = — 1 then to and ti represent to 
same cohomology class, and ^2 and t^ also represent the same class in H^{K, N). 

Remark 4. Observe that picking tu and e is exactly equivalent to picking repre- 
sentative cocycles for the cohomology classes in keraK. In fact, our choice for si 
corresponds to our choice of e and our choice for to corresponds to our choice of 

1x7. 

1.5. Normalization of the measures. We choose the Haar measure on SL(2, K) 
that coincides with the Serre-Oesterle measure on SL(2,C'k); that is, our Haar 
measure for G is normalized so that the volume of the maximal compact subgroup 
SL(2,Ok) is the cardinality of SL(2,Fg), which is q{q^ — 1). In this setting, all 
the fibres of the projection SL(2,C'k) SL(2,Fg) have volume 1. We denote this 
measure on G by m. This choice determines a Haar measure on g such that volume 
of of the kernel of the map 0l(2, Ok) 5l{2,¥q) is also 1; i.e., the volume of5l(2,C'K) 
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equals the cardinality of sl{2,¥q). We denote this measure on g by vol. Observe 

2 

that the volume of s[(2,Ok) is ^rri times that of SL(2, Ok)- 

With these choices, the formal degree of a representation tt produced by compact 
induction from a cuspidal irreducible representation a on the finite reductive quo- 
tient of a maximal parahoric subgroup of G, coincides with the dimension trace cr(l) 
of a. 

1.6. Statement of the character formula. We now state the character formula 
appearing in the introduction more carefully. Fix measures for G and g as specified 
in Section 1.5. 

For any smooth representation tt of G, let Qt^ denote the generalized function 
corresponding to the distribution character tt with respect to the Haar measure on 
G above. For any regular semi-simple X in g and any locally constant compactly 
supported f ■ Q ^ Qi, let Hx{f) denote the orbital integral of / at X. Fix an addi- 
tive character ip ofK with conductor Ok such that the induced additive character 
of the residue field is -0 (see Section 1.2). For any / as above, let / denote the 
Fourier transform of / taken with respect to the Killing form {Y, Z) trace (YZ), 
character ip and Haar measure on g specified in Section 1.5; thus, 

I f{z)^{{Y,z))dz. 

Let fj-xif) denote the orbital integral of / at X. 

Theorem 5. Let K be a p-adic field with p ^ 2. For each depth zero supercuspidal 
representation -K of G and for each cocycle z G {51,32,^0,^1,^2,^3} (see Section 1.4) 
there is a regular elliptic X^ G and c^ (tt) S Q such that 

(11) e.(cay*/)= E c,(^)Ax.(/) 

for all Schwartz functions f supported by topologically nilpotent elements in g. 
The coefficients Cz{tt) are all rational numbers. The coefficients Cz{Tr) are given in 
Table 4- 

This paper is devoted to understanding Theorem 5 from the motivic perspective. 
To that end, we present a brief review of motivic integration in Section 1.7. 

Our proof of Theorem 5 is sketched in Section 1.8 and executed in Section 4; 
we will calculate the coefficients Cz(7r) for each depth zero supercuspidal tt, up to 
equivalence. 

Remark 6. More properties of the coefficients Cz(7r) are given in Section 5. We 
show there that each coefficient may be interpreted as a virtual Chow motive. The 
issue of uniqueness of the coefficients is also addressed in Section 5. 

1.7. Motivic integration. The goal of arithmetic motivic integration is essentially 
to reduce the calculation of p-adic volumes to the computation of the number of 
points on varieties over finite fields. In particular, suppose we are talking about 
subsets of an affine space defined over a p-adic field. Consider the measurable 
subsets that can be described in a language (of logic) that depends neither on p nor 
on the choice of the uniformizer of the valuation (one such language is the language 
of Denef-Pas that is described in the next subsection). Once a set is described by 
a logical formula in such a language, it is possible to associate a geometric object 
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Table 4. The coefBcicnts Cz{tt) appearing in Theorem 5. (Here 
we write ("^ for sgn(— 1) in order to save space.) 



Cz{tt) 


Z = Sl 


Z = S2 


Z = to 


Z ^ tl 


Z = t2 


z = U 


TT 


7r(0,6l) 



















TT 


= 7r{l,9) 



















TT 


= 7r(0,+) 


9-1 
2 





</^-V2 


1 9'-Y2 


9'-V2 
2^9 


,9^-1 ^2 
+ 2^9 


TT 


= ^(0,-) 


9-1 
2 





, 9^-1 a2 
+ 23<j ^ 


9'-V2 


+ 2^9 


2^9 ^ 


TT 


= 7r(l,+) 





9-1 
2 


2^9 ^ 


I 9"-l/-2 
+ 2-if; ^ 


+ 2^g 


2^9 ^ 


TT 


= ^(1,-) 





9-1 
2 


,9^-1 ^2 


9'-V2 
2^*9 


9'-l/'2 


_l.9'-1a2 
+ 2^*9 



defined over Q with it, in such a way that for almost all primes p, the volume of 
our set can be recovered from the number of points of the reduction of this object 
over F(j, where q= \s the cardinality of the residue field of the given local field. 

Motivic integration is based on the algorithm of elimination of quantifiers (there 
is also a more recent version [Cluckcrs-Locser 2008] where in some parts quanti- 
fier elimination is replaced with cell decomposition, also an algorithmic procedure). 
Since at present motivic integration as an algorithm is not implemented, it has 
not previously been used for computing examples; nevertheless, it can be used 
to prove general existence results for the required geometric objects (which al- 
ready has implications, as explored in [Hales 2005a], [Cunningham-Hales 2004] and 
[Gordon 2004]). 

We refer to the original papers [Dcnef-Loeser 2001], [Cluckers-Loeser 2008] and 
to the beautiful exposition [Hales 2005b] for the detailed description the concept of 
motivic integration, and the statements of "comparison theorems" that relate the 
classical p-adic volumes with the motivic volumes. In the next few subsections we 
just give a list of the techniques we use. 

1.7.1. The language of rings and the language of Denef-Pas. The language of rings 
is the language of logic such that its formulas can be interpreted in any ring with 
identity; thus, any such ring is a structure for this language. The language of 
rings has symbols for '0' and T', symbols for countably many variables, and the 
symbols for the operations of addition and multiplication 'x'. A formula is a 
syntactically correct expression built from finitely many of these symbols, and also 
parentheses '()', quantifiers '3', 'V, and symbols of conjunction 'A', disjunction 'V', 
and negation We will usually use this language to work with the residue field 
of our valued field. 
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There is also a first-order language that is perfectly suited for defining subsets 
of non-archimedean valued fields: it is the language of Denef-Pas. Formulas in 
this language have variables of three sorts: the valued field sort, the residue field 
sort, and the value sort. There also are symbols for the function 'ord(-)' which 
takes variables of the valued field sort to the variables of the value sort, and the 
function 'ac(-)' that takes the variables of the valued field sort to the variables of 
the residue field sort. The formulas are built using algebraic operations on variables 
of the same sort, the symbols 'ord(-)' and 'ac(-)' (which can be applied to variables 
of the valued field sort), quantifiers, and the symbols for the logical operations of 
conjunction, disjunction and negation. 

Every valued field with a choice of a uniformizer (K, w) is a structure for the 
language of Denef-Pas; then the functions 'ord' and 'ac' match the usual valuation 
and "angular component" maps, where the "angular component" ac(a;) equals the 
first non-zero coefficient of the p-adic expansion of x, i.e., if x is a unit, ac(a:) = x 
mod (137); if X is not a unit, ac(a;) = x'uj~°^'^^'^^ mod (137). 

A subset of an affine space over a local field K is called definable if it can be 
defined by a formula in the language of Denef-Pas. For a formula $ with m free 
variables of the residue field sort and no other free variables, given a local field with 
the ring of integers Ok and a choice of the uniformizer, we will denote by Z(<^, Ok) 
the subset of Ok®'" defined by the formula $. 

1.7.2. The ring of virtual Chow motives. In all versions of motivic integration, the 
motivic volume takes values in some ring built from the Grothendieck ring of the 
category of algebraic varieties over the base field, which is Q in our case. 

Strictly speaking, the so-called ring of virtual Chow motives is a natural choice 
of the ring of values for the arithmetic motivic volume, for reasons described in 
[Hales 2005b]. We will not define Chow motives here (see [SchoU 1994] for a good 
introduction). As a first approximation, it is possible to think just of formal linear 
combinations of isomorphism classes of varieties with rational coefficients. 

The motivic volume takes values in the ring Mot, which we will now define. Let 
Aiotq be the category of Chow motives over Q. We take its Grothendieck ring 
KQ[AAotQ) ^ i.e., the ring of formal linear combinations of the isomorphism classes 
of the Chow motives, with natural relations (see [SchoU 1994]), and the product 
coming from tensor product. This ring has a unit 1. For every smooth projective 
variety V there is a Chow motive that corresponds to F in a natural way. It is 
a deep theorem that this map from varieties to motives extends to all (not just 
smooth projective) varieties, and induces a homomorphism from the Grothendieck 
ring of the category of varieties Ko{Varq) to Ko{MotQ). Let us denote the image 
of this map by Ko{Mot)'" . The image of the class of the affine line under this map 
is usually denoted by L (called the Lefschetz motive); the point maps to 1. Note 
that naturally, in Ko{A4otQ) we have L -|- 1 = [P^], where [P"'^] is the class of the 
Chow motive corresponding to the projective line. 

The ring Mot is obtained from Ko{Mot)'" ®i Q by localizing at L followed by 
localizing further at the set {L~* — 1 | i > 0} {i.e., all these elements can be formally 
inverted). Note that the localization at {L~' — 1 | i > 0} (which is equivalent to 
adding in the sums of geometric series with quotient L') replaces the completion 
that was done in the original version [Denef-Loeser 2001]. 

Let us also adopt the following convention: for a polynomial F{q) G ^[g], we will 
denote by [F(L)] the class of F(L) in the ring Mot. 
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For every prime power g, there is an action of TrFrobq on the elements of Mot 
that comes from the Frobenius action on the Chow motives. It can be thought of 
as a gencraUzation of counting points on a variety over Fg. The trace of the Frobe- 
nius operator on a Chow motive is the ahcrnating sum of the traces of Frobenius 
acting on its i!-adic cohomology groups, and it is, a priori, an element of (see 
[Denef-Locser 2001, Section 3.3]), but in fact this number lies in Q for all elements 
of Mot that arise from the motivic volumes (in particular, for us the choice of £ 
doesn't matter). It is the trace of Frobenius action that allows us to relate the 
values of the motivic measure (elements of Mot) with the usual p-adic volumes 
(rational numbers). 

1.7.3. The motivic volume. We cannot describe the construction of the motivic vol- 
ume here, but we only need very simple examples in this paper, so we list just a few 
main principles and introduce the notation. Following the pattern of [Hales 2005b], 
we start by declaring that there is a map from formulas in the language of rings to 
the ring Mot defined above. We denote the image of a formula (f> under this map 
by [(j)]. We will use two properties of this map: 

• The motivic volume of a formula in the language of rings with no quantifiers 
that defines a smooth algebraic variety is the class of that variety. 

• If 01 and 02 are equivalent ring formulas, then they have equal motivic 
volumes. If (f>i is an n-fold cover of 02 (both the equivalence, and the term 
"cover" are understood in the sense of [Hales 2005b]), then 

[h] = -[0i]. 
n 

Now let us say a few words about the construction of the motivic volume for 
definable sets that is compatible with the classical volume of p-adic sets. First, we 
need to talk about sets in a way that does not depend on the field ~ and that is done 
by considering definable sets, as described above. In order to pass back and forth 
between sets and formulas defining them, it is very convenient to use the notion of 
a definable subassignment introduced in [Denef-Loeser 2001]. 

Let hi^rn be the functor of points of the affine space that takes fields to sets 
{K i-^- K^{K)). A subassignment of /ia™ is simply a collection of subsets of A"^{K), 
one for each field K. A formula $ in the language of Denef-Pas with m free variables 
naturally defines a subassignment of /ia™ on a suitable category of local fields {e.g., 
the category of all non-archimcdean completions of a given global field): for each 
local field K, take the subset of A"^{K) on which the formula takes the value 'true'. 
Such subassignments are called definable. 

The motivic volume is defined on definable subassignments and takes values in 
the ring of virtual Chow motives Mot. We denote the motivic volume by /x, so that 
/x($) denotes the motivic volume of the subassignment defined by the formula $. 
Sometimes, if we have a definable set H (defined by some formula $), we will write 
fi{H), meaning fJ.{^). 

The strategy of motivic integration is to replace the formula that defines our 
subassignment with an equivalent formula that has no quantifiers ranging over 
the valued field (the language of Denef-Pas admits quantifier elimination). The 
next step is to "approximate" the new formula by the formulas in the language of 
rings whose variables range only over the finite field. Finally, ring formulas can 
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be mapped to the ring Mot defined above, as mentioned in the beginning of this 
subsection. 

The main result that makes motivic integration relevant for us is the comparison 
theorem [Dcncf-Loeser 2001, Theorem 8.3.1, 8.3.2]. Let $ be a formula in the 
language of Denef-Pas. The comparison theorems (one of which deals with the 
fields of characteristic zero, and the other one - with function fields), state that 
for all but finitely many primes p, for any local field IK with the ring of integers 
Ok and the residue field ¥q of cardinality q = p^, the volume of the set Z{^, Ok) 
equals the trace of Frobenius action on ^($) (which is an element of Mot). 

In fact, it is possible to some extent to keep track of the "bad primes" where the 
comparison theorem fails, and we will do this as we compute the motivic volumes 
in our examples. 

1.7.4. Motivic integration with parameters. Here wc quote one more technical no- 
tation from [Cluckcrs-Loeser 2008] that will be used only in the proof of Lemma 
9. Cluckers and Loeser [Cluckers-Loeser 2008] have a more general construction of 
the motivic volume: they define motivic volume on definable subassignments of the 
functor of points of x x Z'", which is denoted by h[m, n, r] (here K stands 
for the valued field, and k for its residue field), which corresponds to considering 
families of definable subassignments of /ia™ with parameters in k and in Z*". 

1.8. Outline of the proof of Theorem 5. Since the rest of the paper is de- 
voted to the proof of Theorem 5, we describe the strategy before we get into the 
technicalities. 

We need to prove an equality of two distributions represented by locally constant 
locally integrable functions on the set of regular topologically unipotent elements in 
the group G. Each of these functions takes countably many values. We prove the 
equality by partitioning the domain into sets on which the both sides are constant, 
and showing equality on each of these sets. Moreover, the problem is in fact not just 
countable, it is in some sense finite. Each one of the two functions is obtained by a 
Frobenius-like formula from a function which takes finitely many values (explicitly, 
three distinct values for the function on the left-hand side and five distinct values for 
the function on the right-hand side). Motivic integration allows us to isolate these 
values and the coefficients at each one of them that are acquired in the Frobenius 
formula. Those latter coefficients also turn out to be computable. It is in this sense 
that the proof is better suited for a computer than for a human - and that is the 
point of this paper, really. 

In order to be more precise we must first say a few words about regular, topologi- 
cally unipotent elements of G. To do this, we start by studying regular, topologically 
nilpotent elements in the Lie algebra g; we will then invoke our assumption that p 
is odd, in which case these correspond exactly, via the modified Cayley transform 
cay(X) = (1 -I- {X/2)){1 — (X/2))~^, to regular, topologically unipotent elements 
of G. (In fact, cay establishes a bijection from topologically nilpotent elements of 
g to topologically unipotent elements of G.) 

What we need, ideally, is a partition of the set of regular topologically unipotent 
elements into definable sets such that all the functions involved (the characters and 
Fourier transforms of the orbital integrals) would be constant on them. We will 
not explicitly use any local constancy results (except in Section 5); instead, we will 
first make the partition, and then see that it is the right one. 
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Recall that at the moment, e (a non-square miit) and vj (the miiformizcr of the 
valuation) are fixed. One of the points of motivic integration approach is to do the 
calculation independently of these choices, but that requires some tricks (discussed 
below), since they are both very deeply ingrained in all the definitions: e is linked 
with the cocyclcs z, and w plays a role in the construction of our representations. 
For now. we write down explicitly seven Cartan subalgebras of g (one non-compact 
and six compact). 

\x " 

-X 



X e 



: 

xe I 



xevj 


XVJ 



xvoe" 



X e 



xw 




X e 



X e 



xe 




f)to = 



f)t3 = 

We have labelled our Cartan subalgebras by cocycles z G {sq, si, S2, Iq, ti, t2, ia}, 
one from each cohomology class in £(K) (see Section 1.4) in the case sgn(— 1) = 
1. In the case sgn(— 1) = —1, the Cartan subalgebras labelled by to and ti are 
conjugate; and the ones labelled by t2 and are conjugate (which means that 
the corresponding cocyclcs represent the same cohomology class). We will always 
consider each one of these subalgebras separately, which means that we are doing 
one third more work than necessary half the time. 

Our Cartan subalgebras are filtred by an index n which is closely related to 
depth. To write the filtration lattices explicitly, in Table 5 we define, for each 
z e {30,51,32,^0,^17^2,^3}, integer n and unit u in Ok, an element Yz^„(u) £ f)^. 
Let [}z_„ := {Yz^n{u) \ u £ OkI- ^ ^0, si or S2 then [)z,„ is the set of elements 
of (}z with depth n; however, if z is to, ti, t2 or ^3 and i)z,n is the set of elements of 
l)z with depth ^ + n. 
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In this paper we are particularly interested in understanding our distributions 
on topologically nilpotent elements of g. In anticipation of the correct partition of 
regular, topologically nilpotent elements of g we now define 

hz,n,+ {Yz,n{u) \ueOlA sgn(it) = +1} , 

and 

i)z,n,^ ■■= {Yz,n{u) I M e Ok A sgn(it) = -1} , 

and denote by ^i)z,n,± the corresponding G-invariant sets. If z = sq, si or S2 then 
^i)z,n,± contains topologically nilpotent elements if and only if n > 1; if z = to, ti, 
t2 or ^3 then '~^i)z.n.± contains topologically nilpotent elements if and only if n > 0. 

Further, let '''i)z,n ( resp. '~^t)z.n,+, '~^^z.n,-) denote the smallest G-invariant set 
containing l}z.m where G acts on g by adjoint action. The disjoint union of all the 
sets ^i)z.n (as z ranges over the fixed set of representatives for £(K) and n ranges 
over all non-negative integers, with the exception of n = in ^^so.n, '^^si,n and 
'^t)si,n) coincides with the set of regular topologically nilpotent elements in g. 

In fact, conjugation by G removes the ambiguity caused by the choice of specific 
cocycles (and therefore the choice of e): different representatives of the same co- 
homology class correspond to different, but conjugate, Cartan subalgebras. Hence, 
it would be more appropriate to label the sets ''f)2,„ by the cohomology classes, 
and call them '^f)r,n, where r is the cohomology class represented by z. We would 
like to stress that this produces a partition of the topologically nilpotent set that 
depends only on sgn(— 1) (because the number of the distinct cohomology classes 
depends on this sign), and not on any choices. However, we do need the specific 
representatives Yz^„ {'>J-) of each one of the sets ^i)r,n in order to carry out our cal- 
culations. Our choice of these representatives depends on e and w. The strategy 
is to carry out all the explicit calculations first, get to the level of logical formulas, 
and at that stage tu would disappear entirely. To remove the dependence of e, in 
Section 2.3 wc turn it into a parameter ranging over the residue field, and then 
average over it, also showing that in fact we are averaging a constant function. 

Note that with the way we defined our subalgebras, in the case sgn(— 1) = — 1 
when two pairs of them become conjugate, this conjugation switches the ± sign: 
'^f)to,n,+ corresponds to ^f)tj^„^_, and ^f)t3^„^+ corresponds to '-^i)t2,n,- (we will see 
that this is reflected in our character table). 

On the group side, we write „ (resp. F^ „ +, F^ „ _) for the image of l)z,n 
(resp. l)z,n,+j f)z,n.-) under the modified Cayley transform cay, when defined; 
we denote the corresponding G-invariant sets by ^Tz.n (resp. '~^Tz^n,+, ^^z.n,-)- 
The characteristic functions of the sets '^F^ „ ± will be denoted by fz,n.± and the 
characteristic functions of the sets '~^i)z,n,± will be denoted by fz,n.± throughout 
the paper. 

Given a depth zero representation tt induced from a maximal compact subgroup 
Gj;, in Section 2 we associate three virtual Chow motives (denoted Mj'° _|_, M^'^ j_ 
and M^'^ ^) with each triple {z, n, ±) as above, so that the value of the distribution 
character of tt at fz,n,± can be recovered from this triple of virtual Chow motives 
for almost all residual characteristics p (in fact, for all p ^ 2). Moreover, we will 
see that the only way in which these motives depend on tt is through the compact 
subgroup on which tt has non-trivial compact restriction (i.e., through the choice 
of the vertex in the building x — (0) or a; = (1), see Section 1.1). 
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In Section 3, we also associate with each (z,n, ±) five virtual Chow motives, 
so that all orbital integrals that appear in the right-hand side of the semi-simple 
character expansion can be recovered from these motives. 

In Section 3.4, we put together all the results about groups over the finite fields 
that are crucial for our understanding of the p-adic "lifts" . 

Since both sides of semi-simple character expansion arc invariant under conju- 
gation by G, all we have to do is check the equality on each of the sets T^.n- This 
is done in Section 4. Due to a very mechanical nature of this proof, we do not 
include all the details. In all proofs, we include all the details in one "unramified" 
case z = si and one "ramified" case z = t2] in the other cases we just indicate the 
differences and summarize the results in the tables. 



Throughout Section 2, x denotes either the standard vertex (0) or the vertex (1) 
in the Bruhat-Tits building for G (see equation 2); we also reserve the symbol y for 
the baricentre of the facet with boundary {(0), (1)}. 

2.1. Consequences of the Frobenius formula for the character. This section 
follows the method of expressing the character as a sum over conjugacy classes in 
the reductive quotient that was used in [Gordon 2004]. 

Let TT be a supercuspidal depth zero representation of G and let 0^ be its distri- 
bution character in the sense of Harish-Chandra. Let / be a test function supported 
on some compact subset H of the set of regular topologically unipotent elements in 
G. We can assume that f = Jh the characteristic function of such a set without 
loss of generality. Let x be the character of the representation of the finite group 
Gx that gave rise to n (see Section 1.1). Since Gx is a maximal compact subgroup 
of G, the Frobenius formula gives the following expression for the character: 



(Recall from Section 1.5 that the formal degree c?(7r) of tt is exactly Xx,o{^)-) The 
real work is to prove that these integrals converge. Of course, Harish-Chandra did 
this long ago when the characteristic of K is 0. This is also done in the proof of 
[Bushnell-Henniart 1996, Theorem A.14(ii)]. We will see the convergence when we 
do the calculations by hand. 

The next step is to rewrite the outside integral in equation (12) as a sum us- 
ing the Cartan decomposition G = GxAGx, where A is the set of elements of 
the form a\ diag(ra7^, tu~^) with A a non-negative integer. This is also done in 
[Bushnell-Henniart 1996, Theorem A.14(ii)], see equation (14) below. We will also 
take this formula one step further by collecting the terms corresponding to each 
value of the character of SL2(Fq) at unipotent elements. 



2. Motives corresponding to our characters 



(12) 
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Before we can carry out this plan, we need to introduce some more notation. 
Recall that there are three unipotent conjugacy classes in SL(2,Fq): the class Uq of 
the identity (one element), the class Ui of the element [ J }], and the class J7e of the 
element [J f ], where e is a non-square in Fg. Suppose [/ is a unipotent conjugacy 
class in SL(2,Fg), A is a non-negative integer and x is a vertex in the Bruhat-Tits 
building for G. For any regular topologically unipotent clement h of G, let N^j y_{h) 
denote the number of right G^^-cosets gGx inside the double coset Gxa,\Gx that 
satisfy the following condition: 

g^^hg eGx A pxfl{g'^hg) e U. 

Proposition 7. Let t: be a supercuspidal depth zero representation of G and let 
be its distribution character in the sense of Harish- Chandra. Let H be a compact 
set of regular topologically unipotent elements in G and let fn be the characteristic 
function of H . Let x be the character of the representation of the finite group Gx 
that gave rise to tt (see Section LI). Then 



(13) Q^{fH)=yy^x{U) I N^,x{h)dh, 



where U runs over unipotent conjugacy classes in SL(2,Fq) and A runs over non- 
negative integers. The sum over A has only finitely many nonzero terms. 

Proof. Consider a fixed double coset GxOxGx- We observe that if .gi,(?2 G Gx 
and giaxGx = g2a\Gx then Xx,oi9i^hgi) = Xxfi{92^hg2). Hence, using Cartan 
decomposition, the double integral from the formula (12) can be rewritten as a 
double sum, and we obtain the formula (cf. [Bushnell-Henniart 1996, Theorem 
A.14(ii)]): 

(14) (///)= m(G:r) y X! / XxA9^^^9)dh, 

where the summation index in the outside sum runs over the set of representatives 
of the double cosets, that is, over A, and the summation index in the inner sum 
runs over the set of representatives of the left G^r-cosets inside the given double 
coset. We refer to [Bushnell-Henniart 1996, Theorem A.14(ii)]) for the proof that 
there are only finitely many values of A that give nonzero summands. 
Now, consider the contribution of the double coset 



Gx 







Gx 



to the sum in the right hand side of equation (14). The following two observations 
make the calculation of the character fairly simple. First, the function Xx.o vanishes 
outside the maximal compact subgroup Gx^ while on Gx^ the value Xx.o{g) depends 
only on Pxfiig)- Second, the set H is contained in the set of topologically unipotent 
elements, so for every h in LI, the element Px,a{g^^hg) is a unipotent element in Gx, 
provided that g~^hg lies in Gx- Using these observations it is possible to rewrite 
the formula for the character (equation (14)) in the following form: 

(15) QMh) =Y.H x{U) f N^,xih) dh. 



□ 
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In the next section, we will see that the numbers ^(h) give rise to geometric 
objects. Note that these numbers essentially depend only on the group; they depend 
on the representation only through the choice of the vertex x that indexes the 
maximal compact subgroup from which our representation is induced. 

2.2. Almost definable sets W^)^{h). In this section we begin the process of 
finding Chow motives related to the numbers ^{h) introduced in Section 2.1 by 
expressing these numbers as p-adic volumes of some sets Wj^ ^{h); we will then use 
the comparison theorem of Denef and Loeser (see Section 1.7.3) to recover these 
p-adic volumes from the motivic volumes. But first we need to introduce yet more 
notation. 

Suppose U is a unipotent conjugacy class in Gx, A is a non- negative integer, 
and a; is a vertex in the Bruhat-Tits building for G as before. For any regular 
topologically unipotent element ft- of G, define 

(16) Wg^^ih) {yeGxl a-^y-'hya^ € A px,oiiyax)-'h{yaX)) € U}. 
Lemma 8. With notation as above, 

(17) mAh) = (9 + l)q'''' 
for all regular topologically unipotent h Cz G. 

Proof. Let a\ denote the clement diag(-ci7^, ■nj"'*'), as before. For each A G NU {0}, 
we say that two elements yi and 2/2 in are A-equivalent, if yia\ and 1/2 a a are 
in the same left Ga;-coset, that is, if a'^^y^^y2ax € G^- The A-equivalence class of 
an element y is denoted by [y]\- Each set VFj/>(ft) is a finite disjoint union of A- 
equivalence classes (see [Gordon 2004]), and if it contains an element y, it contains 
the whole class [y]\- With this notation, the number ^{h) equals the number 
of A-equivalence classes in the set Wj^^{h). Now, for A > 0, the cardinality of 
Gxa\Gx/Gx is (g+l)?^^^^, as can be shown using the afhnc Bruhat decomposition 
for G (see [Bruhat-Tits 1996], for example). Since all equivalence classes have equal 
volumes (see [Gordon 2004, Lemma 4]), it follows that 

(18) N^uAh) = (9 + l)g^^-^ 

as claimed. □ 

The sets y^{h) are almost definable, but they depend on the parameter h 
that cannot be specified within the language. Still, it is possible to use motivic 
integration to calculate their volumes, by using the version of motivic integration 
that allows parameters. 

2.3. Motivic volumes of the sets W^-^{}i). In this section, we write down the 
formulas defining the sets ^^{h) of the previous section, and then calculate their 
motivic volumes. This is done case- by-case in z. We start with the most interesting 
case z = Si. We include the details only for x ~ (0). Before we start the calculation, 
two remarks are due. 

First, recall that we had to fix a non-square unit e and a uniformizcr tn, as 
discussed in Section 1.8. In this section, we introduce a variable 5 that would be 
allowed to range over non-square units. As discussed in Section 1.7.1, a p-adic 
field together with the choice of the uniformizer is a structure for the language of 
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Denef-Pas (i.e., such a choice provides an interpretation of all the formulas). If we 
choose a non-square unit s in the given field, carry out all the constructions that 
appeared so far, and then plug in the value of e for S in our formulas, we will get 
the corresponding sets W^j )^{h). We will see, however, that their motivic volumes 
(and therefore, also p-adic volumes) are independent of the choice of e. 

Second, the comparison theorem relates the motivic volumes to p-adic volumes 
for all but finitely many primes p. There are two sources of "bad" primes in this 
statement: singularities of the varieties that come up, and quantifier elimination. 
Since we arc doing all the calculations by hand, and our cases are very simple, we 
will see that the only prime that needs to be excluded is 2. 

2.3.1. The logical formulas for wjjl^lh) for h e r^^.n. Recall that all the elements 
of the set T^i^n have the form 



(19) h ={! + *) 



1 + * linj" 
euw" 1 + * 



where u G O^, and '*' stands for elements of order at least 2n. We write y = 
icd,]^ G(o) and use the entries a, b, c, d as free variables in our formulas. We begin 
by fixing U and h as above and finding explicit conditions on a, 5, c, d and A which 
ensure that y G W^\{h). A direct computation gives: 

/r,n\ -ii, , \\ 1 + h.o.t u(c?2 - 6^e)n7" + h.o.t 

(20) y /^2/ = (l + *)[,(„2,_,2)^„ + j,.„.t 1 + h.o.t 

where h.o.t means "higher order terms" , which refers to the terms with valuation 
greater than that of the leading term. 

As we see from equation 16 we must now conjugate this element by a\. Con- 
jugation by a\ induces multiplication of the entry in the upper right-hand corner 
by zu~'^'^, and multiplication of the entry in the lower left-hand corner by w'^^. It 
follows that a^^y~^hya\ S Gfo) if and only if 

(21) -2A + ord(u(d2 - 62^)n7")) > A 2X + oid{u{a'^e - c^)vj'^)) > 0. 
Consequently, we have the following list of cases: 

Case 1. 2A < n. In this case, for any y G G(o) the element a^^y^^hyax lies in 
G(o) and projects to the identity under the reduction mod w. 
Case 2. 2A > n. We observe that ord(d2 — iP'e) = 0: indeed, either both a and d 
or b and c have to be units because ad — be = 1, and /0(o),o('^^ ~ ^^s) 7^ since e is 
a non-square. Similarly, OYd{a^e — c^) = 0. This implies that if 2A > n, the set of 
ys satisfying the conditions is empty. 

Case 3. 2A = n. (This case corresponds to the interesting situations.) In this case 
the image of a^^y^^hya\ under P(o).o is an element of the form [g where /? = 
ac(fi'^ — b'^e)a,c{u) e Fg. Then for h e Ysi.n.+ ^ the reduction P(o)flia^^y~^hyax) 
falls into Ui if a.c{d^ — b'^e) is a square and into Ue otherwise. 

Notice that when A is fixed and h is fixed, the condition that y G wjj^^h) does 
not depend on u, as long as h is confined to one of the sets rsi^„^+ and F^^ „ _. 

We now reformulate what we have found concerning the character in terms of 
formulas in Pas's language. We start by observing that the maximal compact 
subgroup G(o) is defined by the formula 

'ad-bc=l Aord(a)>0 A ord(6) > A ord(c) > Aord(fi)>0.' 
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For the cases 2A < n or 2A > n, no other calculations are needed. Indeed, if 
2 A < n, then we are within Case 1, and therefore both sets wj^^ ^(h) are empty, 

and wjj^l )^{h) = G(o). If 2A > n, then we are within Case 2, and the set of ys 
satisfying the conditions is also empty. 

Let us now consider the case n even, and 2A = n. Let ip(b,d,d) be the formula 
(in Pas's language) 

^{b,d,S) = '3x{(f ~ b^S = x^y. 

Since we will often pass back and forth between the valued field and the finite 
field, let us introduce an abbreviation for the "reduction mod lu" map: let 

{ac(a;), ord(x) = 
0, ord(a:) > 0. 

If we know that (5 is a non-square unit, then by Hensel's Lemma, to check whether 
the triple {b,d,5) with {b,d) ^ (0,0) satisfies the formula -0, it is enough to know 
whether its reduction mod (w) satisfies the same formula (where now the variables 
are interpreted as residue- field variables). Hensel's Lemma is applicable because 
d^ — b^S cannot be when we assume that (5 is a non-square and b, d are not 
simultaneously zero. 

Let us consider the family of formulas depending on a parameter r/ that ranges 
over the set of non-squares in (note that this is a definable set): 

(22) (j)^{a,b,c,d) = 'arf - 6c = 1 A 3^(5^ - fPr/ = e^)'. 

For every value of ry G Fg* \ Fg*^, if we let all the variables range over Ck, the 
formula (/>,j(a, 6, c, d) defines the set wjy^ ^{h) for any h G Tg-^ n,+ if the unit e that 
was fixed in order to define the sets rsj_„.± has the property e = t]. The same 
formula also defines the set wlj\{h) with h G rs.j,„,_. In the next subsection we 
find the motivic volumes of these sets. 

2.3.2. The motivic volumes ofwjjl^lh), h £ ^si,n,±- The calculation of these vol- 
umes is very simple. Recall that our Haar measure on G is normalized in such a 
way that the fibres of the projection G G{¥q) have volume 1. The formula 
imposes a condition on the variables fe, d that apparently depends only on &, d. This 
means that either a whole fibre over a point (a, b, c, d) G SL(2, Fg) satisfies this con- 
dition, or the whole fibre does not satisfy it. Hence, to calculate the volume of the 
set wj^^ ^{h), all we need to do is count the number of points in |] G SL(2,Fg) 
that satisfy the condition 3^ : 6^ — d^rj — where 77 is a parameter that is a 
quadratic residue in Fg . This calculation is carried out carefully in [Gordon 2009] . 
Here we state the result as a lemma. 

In fact, this is the only place in the present paper where interesting geometric 
objects come up from p-adic volumes. Indeed, as we see from the argument above, 
the p-adic volumes of the sets wjj\{h) with the "border-line" value of A = 7t,/2 (for 
n even) are connected with the number of points of a conic over the finite field. 

Lemma 9. Suppose h G r^i^n. If n is even and A = n/2 then the motivic volumes 
of the sets wjj^ ^{h) and W^\{h) both equal iL(L — 1)(L -|- 1), which is half of 
the motivic volume of the maximal compact subgroup 0(0) / otherwise, the motivic 
volumes of the sets wjj_^ -^^{h) and wjj\{h) both equal 0. 
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Proof. The statement follows from the calculation of the motivic volume of the 
formula 

^{a,b,c,d,T]) 

that is carried out in [Gordon 2009]. Note that the calculation ultimately boils 
down to computing the class of the "hyperbola" — = 1, which is L — 1. This 
is the reason that we get an answer that is polynomial in L. □ 

2.3.3. The motivic volumes ofWjj\{h) for h G Tg^^n- In the case z = S2 the answer 
is essentially the same as in the case ^ = si, but the calculation is slightly more 
complicated. Here we sketch the calculation of the motivic volume of the sets 
W^\{h) for h e Fs^.n -t, indicating the differences with the case z = si. 

Exactly as before, we consider the element a'^^y~^^s2.nyO'X, and use the entries 
of the matrix y = [° ^] G 6(0) as free variables in our logical formulas. 

The conditions (21) are now replaced with 



- 2A + orA{(fuzo''-^ - b^uew''+^)) > 
2A + ord{a'^uemn + 1 - c^utu""^) > 0. 



(24) , . , . , 



The second condition is satisfied automatically if A > 0, so we only need to focus 
on the first one. Similarly to the case z = si, this condition implies that when 
A > the element a^^y^^hya\ is outside G(o); if A < this element is in 

G(o) and projects to Uq. 

Suppose for now that n is odd. Unlike the case z = si, now there are two 
interesting cases: A = ^^^^ and A = ^3^. If A = ^^^^^i and ord((i) = 0, then 
P(o),o(a^^2/~^%aA) e C/i if sgn(u) = 1 and P{o),o{al^y-^hyax) G Ue if sgn(M) = 1. 
If ord((i) > 0, then P{a),o{0'\^y^^hya\) € Uq. If A = then a^^y^^hyax is in 
G(o) only if ord(d) > 0. In this case, the projection of the element a^^y^^hya\ 
depends on the sign of ac{(P — b^e) and on sgn(u), which is similar to the case 
z = si. The only difference is that here there is an additional condition ord(fe) = 
(if ord((i) > then the determinant condition forces ord(6) = 0). One finds that the 
motivic volume of the subset of G defined by the formula '3^ 7^ 0{a,c{(P — b'^e) = 
i"^) A (ord(5) = 0) A (ord(rf) > 0)' equals i(L - 1)^. The motivic volume of its 
complement, i.e., the set defined by the formula 'J^ 7^ 0(ac((i^ — b'^e) = ^^) A 
(ord(6) 0) A (ord(d) > 0)' equals L(L2 - 1) - i(L - 1)^ = iL^ - i. The last 
two sentences arc of course an abbreviation. In truth, we have to replace e with a 
variable S and do everything exactly the same way as it was done in the previous 
case. 

For simplicity, suppose that sgn(ii) = 1. Putting all these calculations together, 
we get: 

(25) ' 

The case n even, and the calculation of ^(Wa,(7o)*'°^ (h) arc similar to the case z — si. 
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2.3.4. The ramified cases. 



Lemma 10. Let x be a vertex in the Bruhat-Tits building for G. Suppose h e 
^z,n,±} with z G {io, ^1, ^2, ^3}- Then the sets y^{h) are definable for all non- 
negative integers A, their motivic volumes are independent of h and the choice of 
£, and can be explicitly computed. 

Proof. Wc prove this lemma only for x ~ (0). The proof in the case x — (1) is 
very similar; the results of these calculations become part of the expressions for 



(i),o 

2:,n,± ' 



M^^2'£ ^^'^ ■^z'n'i appearing in Tables 8 and 9. So everywhere in this 



r(l),e 



M 

proof X = (0), and we drop the superscript x from the notation ^{h). 

The argument is very similar to the unramified case; the only difference is that 
the actual calculation of the motivic volumes of the corresponding sets Wu.x{h) is 
simpler. Here we carry out the proof for the case 2 = ^2- The other three ramified 
cases are almost identical to it. First, as in the previous subsection, we write the 
elements h of the set Tt2,n explicitly as: 



(26) 



h={l + *) 



1 

euzu 



n+l 



uzu 

1 + * 



, where u G Ok 



(27) 



and * denotes the terms of order at least 2n, as before. 

As in the proof of the previous lemma, we let y = [ " ^ ] be a variable running over 
G(o) (so that the symbols for its entries a, b, c, d will become the formal variables 

in the Pas's language formulas defining the sets W^]^{h)). 

As before, we compute y~^hy, which leads to the following conditions on y, A for 
the element a^^y~^hya\ to be in G(o): 

-2A + ord(ud^tn" - b'^eum"+^) > and 

2A + ord(wa2etu"+i - c^uw") > 0. 

As before, it is convenient to consider the cases n even and n odd separately. 

Suppose n is even. Looking at the left-hand side of the inequalities (27), we see 
that if A < n/2, then the set Wuo.\{h) coincides with the whole of G(o), and the 
sets Wui,x{h), Wu^,\{h) are empty. 

If A > n/2, then, since n is even and A is an integer, 2A is at least n + 2, which 
forces the element y~^hya\ outside G(o)i and all three sets are empty. 

Finally, in the case A = n/2, the outcome depends on the entry d: if ord(c?) = 0, 
then the term d^uw^ in the expression d'^uw" — 6^eun7"+^ dominates, and therefore 
P(o),o(aA^2/~^%aA) e Ui if sgn(u) = 1, and P(ia)fi{ax^y~^hyax) G if sgn(u) = 
— 1. If ord((i) > 0, then p(^Q^ ^{a^^ y~^ hyax) S Uq. 

Hence, for h E ^t2.n.±, the set Wijg n/2{h) is defined by the formula 'ord{d) > 0' 
in conjunction with the formulas defining G(o) . Note that the volume of this set is 
the same as that of G(oi), i.e., equals L(L — 1). The sets Wij^^n/2{h), I^(7^,n/2(^) 
are defined by the formula 'ord(d) 
G(o) for h e Tt2,n,+ and h e Tt2,n, 
h g Tt2,n- and h € Tt2,n,+- 

The case n odd is very similar. If A = (the most interesting case), and 
ord((i) = 0, the second one of the conditions (27) is not satisfied, so all three sets 
Wjj r.+i (h) are empty. If ord{d) > 0, then automatically ord(6) = 0, the leading 



0' in conjunction with the formulas defining 
respectively, and are respectively empty for 



term in the expression d^uw"^ 
to sgn(— l)sgn(w). 



6^£utJ7"+^ is — 6^u£n7"+^, which has sign opposite 
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We get: if A < (ti - l)/2 then 

Wu„,\ = G(o), and Wui,xih) = Wu,.xih) = 0, for any h e Tt^,™; 

if A > (n + l)/2 then all three sets are empty; if A = (n + l)/2, we have 
(28) 

W'c7,,^(/i) = G(o)n{ord(d) >0}, Wu^^^{h)=iD, /iG rt,,„,,g„(_i); 
W'c/.,^(/i) = G(o)n{ord(d) >0}, M^c,^^^(/i) =0, /iGrt,^„,_,g„(_i). 

It follows that fJ-iWjj^ i±i('i)) equals or equals ^(G(oi)) = L(L— 1) depending on 
whether h € ^t2,n,sgn(-i) or h G rjj..„._sgn(-i); the same is true for ^J,{W^ i+i (h)). 

As we see from this proof, a different choice of e could not have affected the 
motivic volumes of these sets; also, clearly no "bad" primes were acquired. □ 

2.3.5. The case x = (1). In all the proofs in the present section we have been 
assuming that x = (0). The only major difference of the case x = (1) is that the 
element y = ["d] '^'^^ belongs to G(i), not G(o). The requirement is that the 
element a^^y~^hya\ belongs to G(i), and and the reduction map applied to this 
element is P(i).o instead of P(o).o- Therefore all the cases look slightly different, but 
no new varieties appear in the calculations of the motivic volumes of the new sets. 

2.4. Motives corresponding to the distribution characters. 

Proposition 11. The Harish- Chandra character of each depth zero supercuspidal 
representation is constant on each set '~^rz.n.±. Moreover, there exist virtual motives 
M^'^^,, M^'^j^ and M^'^^^ (where z is any cocycle defined in Section 1.8, n is a 
positive integer for z G {sq, Si, 82} and a non-negative integer for z G {^0,^1,^21^3}; 
the sign ly is zL and x is a vertex (0) or {!)) such that 

(29) m(Gr,,„,,) 

= xlc/oTrFrobMf;0, + xlu^T^FrohM^^^ + xk.TrFrobA^^'t,,. 

The virtual motives M^'^^, M^'^ ^ and M^'^^ are explicitly given in Tables 6 and 
1 in the case x = (0), and in Tables 8 and 9 in the case x = (1). 

Proof. We will show the details of the proof of this proposition in the case x = (0) 
only. The results of the similar calculations in the case x = {!) are summarized in 
the tables. 

Let us apply Proposition 7 to the test functions fz,n,i/ (so that the set H in 
that Proposition is '^yz,n,u)- Note that in G, for all z but Sq, flz is elliptic, i.e., 
it is a compact Cartan subalgebra. We consider the elliptic cases first. As we will 
explicitly see below, the sum over A that appears in the expression (13) has only 
finitely many terms in these cases, so we can permute the two sums, and obtain 

(30) e.(/,,„,,) = ^x(f/)E / Nu,xi^)dh, 

where the index U runs over C/q, Ui, and U^. That is, the character is already 
expressed as a linear combination of the values x\uoi x\un and x|c/e- need 
to do, is "evaluate" the coefficients J2\ Jar xW- recall Lemma 8 which 

relates the numbers N^j ^{h) to the volumes of the sets ^{h). Then we evaluate 
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their motivic volumes for h in each of the sets '^T z.n.v and sum them over A with 
coefficients that come from Lemma 8. 

We start with z — si. Let h be an clement of r^j n^-t, and let A be a non-negative 
integer. By the comparison theorem, the equality (18) of Lemma 8 can be written 
in a "motivic" form: for all primes p ^2 (recall that g is a power of p), we have 
N^^^{h) = TrFrob^M^;^, where 

Ai(G'x) ^l{Gx) 

For now, let x = (0). Note that, a priori^ the right hand side depends on the 
element h. However, by Lemma 9 for all h £ ^si,n,±, and for every U, the motivic 
volume of ^{h) does not depend on h and equals: 

iL(L2 - 1), if A = n/2, n even, U ^ Ui or Ue, 

L(L2 - 1), if A < n/2, U ^Uo 
0, otherwise. 

Let us define the virtual Chow motive A/j^^^"^ that corresponds to the conjugacy 
class Uo by the formulas 



(31) 



Also let 



, , U n — l _ 1 

<^;!± =1 + (L + 1) 5] L^^-i = ^^^—^ if n is even, 

A=l 

Mi°)^± =1 + (L+1) ^ L2A-i = lL_i if n is odd. 

A=l 



(32) Mi°)„^± = Mi°)-± 




if n is even 
if n is odd 



Then, combining the equations above, we obtain, for p 7^ 2, 

(33) m(Gr,,,„,,) ' 
= x|c/oTrFrobAfW^, 

+ x|(7iTrFrobAfj°^;^^^ + xlc/.TrFrobAfj"'^';^,, 

where we write both for the distribution character and for the locally integrable 
function on the regular set that represents it. Note that there is no difference in 
the formulas for 07r(/si,n,+) and &Tr{fsi,n.-), because Afj°-'^^_|_ in any case coincides 
with M^^"^^^. The proposition in the case z = si is proved. 

In the case z = S2, the calculation is very similar to the case z = si, except 
that when n is odd, the expressions for A^i^^^^^j/ and Ms^^n,u contain one or two 
terms depending on v, yet the final answer is the same in the both cases. Using 
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equation (25) we get: 



iL"-i(L + l); 



= iL"-i(L + l). 

The values of Mij.n'^y are computed similarly to the case z = si. 

Let us now prove the proposition for the ramified elements. All ramified cases are 
very similar to each other. We show the details for the case z = ^2- The argument 
is exactly the same as in the case z = si, but we have to use Lemma 10 instead of 
Lemma 9. In the case n even, we get: 



L- 1 L + 1 ^ ' L-1 ' 

M(G(o)) 



L + 1 



L"--'(L+ 1) =L"; 



If n is odd, a similar calculation yields: 

71-1 

<l;°± = 1 + (L + 1) E L^'-^(L + 1) = 

A=l 

^^^^ A£(°)'^ , = A&^^' , = ^l2^-1(L + 1) = L". 

*2,n,sgn(-l) t2,n,-sgn(-l) L+1 \ ' J 

^'^ts.n -sgn(-l) - ^''^t2,«,sgn(-l) - 

The Proposition for z — t2 follows. 

Finally, let us address the case s ~ sq. The elements of the set Fs^^n have the form 

h = (i+uro")"^ ' "^licre u is a unit. Following the pattern of the previous 

section, we take y = [ " ^ ] '= '-^(o) ' ^^'^ write down the conditions ensuring that the 
element a~^^y~^hya\ belongs to G(o) and projects to a given conjugacy class under 
the map P(o),o- As before, we see that this depends on the entry in the right-hand 
corner of the matrix a^^y~^hyax, which equals 'uj^^^bd{{l + unj") — (1 + unj")^^). 
We have (when p 2): 

ord(ro-2^6d((l + utu") - (1 + utu")-^)) = - 2A + n + ord(6d), 
^^^^ Sic{w-^Hd{{l + uw") - (1 + uw")^!)) =2ac(6d)ac(M). 
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Here the situation is quite different from the elhptic cases, because the valuation of 
bd can be arbitrarily large, and therefore there are infinitely many values of A such 
that a^^y~^hya\ belongs to G'(o)- Wc know, of course, that the sum in the equation 
(13) has to be finite anyway. Here we will sec explicitly that it happens because 
both for X ~ Qt and x = Qg (and therefore, for any linear combination of these 
two functions also), for large values of A the sum of three terms '^Zu N^\{h) 
vanishes. Indeed, if x = Qg, it is easy to see that this sum is always zero, because 
Qg vanishes on the class Uo and takes opposite values on Ui and Ue- Suppose 
X — Qt- Then for each positive integer fc, we will need the volumes of the subsets 
of 0(0) defined by the formulas {ord(6) > k} and {ord(d) > k}. Note that these 
sets are disjoint and have equal volumes. From the point of view of motivic in- 
tegration, it is easy to see that these sets are stable at level k in the language of 
[Denef-Loeser 2001], and their motivic volumes equal (L— 1)L~'^'^~^). The only va- 
rieties appearing in this calculation are affine spaces, so we acquire no bad primes. 
Now it is easy to see that when 2A > n, the value x\uo appears with the coeffi- 
cient (L — 1)L~('^~^\ and the values xlc/u x\u^ each appear with the coefficient 
^(L — 1)^L^'^'^~^\ which leads to the cancellation in the case x — Qt- Finally, 
we are again in a situation similar to all the previous cases, where we only need 
to sum over all A not exceeding n/2. We omit the details of getting the answers 
that appear in the first rows of Tables 6 and 8. This ends the proof of Proposition 
11. □ 



Table 6. Virtual motives for the characters of 7r(0, 6*), 7r(0, -I-) and 
7r(0,-) at Fz,„(u) for z <E {so,si,S2}- 



z 




^j(0),l 




So 


L-1 


L" 




Sl 






0, 


n odd 




0, 


n 


odd 


, n even 


i(L- 


F l)L"-i, 


n even 


i(L- 


M)L"-i, 


n 


even 


S2 


TTTT": n odd 




0, 


n odd 




0, 


n 


odd 


, n even 


i(L- 


F l)L"-\ 


n even 


i(L- 


M)L"-i, 


n 


even 



3. Motives for the Fourier transforms of our orbital integrals 

In this section we use the notation of [Cunningham-Hales 2004] . 

3.1. The Fourier transform of good orbital integrals. For any rational num- 
ber s, let fls denote the union of the Moy-Prasad lattices Qx,s as x ranges over all 
points in the extended Bruhat-Tits building /(G, K) for G (see [Moy-Prasad 1994] 
for the definition of flx,s)- Let ^(5) denote the Hecke algebra of locally constant, 
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Table 7. Virtual motives for the characters of 7r(0, 6), 7r(0, +) and 
7r(0,— ) at Yz.n{u) for z e {^0,^1,^2,^3}- (Recah that — 
sgn(-l).) 



z 




J W 2, 71,1/ 




to 


L"-l 
L-1 


L", C^" = V 
0, otherwise 


0, C^" 

L" , otherwise 


h 


L"-l 
L-1 


L", C^" = -V 
0, otherwise 


0, C^" = -V 
L" , otherwise 




L"-l 
L-1 


L", C^" = (-l)"z/ 
0, otherwise 


0, C^" = {-lYv 
L" , otherwise 


h 


L"-l 
L-1 


0, otherwise 


0, C^" = 
L" , otherwise 



Table 8. Virtual motives for the characters of 7r(l, 6'), 7r(l, +) and 
■nil, -) at for z G {sq, si, S2}. 





^(1),0 


^(i),i 




So 


L"-i-l 
L-1 


L" 




Sl 
S2 


\Zi , " even 
nodd 

YJ]^^ , n even 
Tirf^, " odd 


0, n even 
i(L+l)L"-\ nodd 

0, n even 
i(L+l)L"-\ nodd 


0, n even 
i(L + l)L"-\ nodd 

0, n even 
i(L + l)L"-\ nodd 



compactly supported functions / : — > Qf- As in [Cunningham-Hales 2004, §1.3], 
for any pair of rational numbers s < r we write Ti.{Q)'^ for the Q^-vector space of 
elements of ^(0) such that / is supported by Qs and / is supported by Q-r- (Recall 
that the Fourier transform is taken with respect to an additive character of K with 
conductor Ok-) Then the Fourier transform defines an isomorphism of Q^-vector 
spaces 
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Table 9. Virtual motives for the characters of 7r(l, 0), 7r(l, +) and 
7r(l,-) at Yz,niu) for z e {to, ^i, ^2, ^a}- 



z 




^(1),1 




to 


L"-l 
L-1 




L", 
0, 


^2„+2 ^ ^ 

otherwise 




0, 

L", 


^2«+2 ^ J, 

otherwise 


h 


L"-l 
L-1 




L", 
0, 


otherwise 




0, 

L", 


C^" = -I' 
otherwise 




L"-l 
L-1 


0, 


^2„+2 ^ 

otherwise 


0, 

L", 


otherwise 




L"-l 
L-1 


L" 
0, 


, c 


2n+2 ^ 

otherwise 


0, 

L" 


c 


2n+2 ^ 

otherwise 



Again foUowing [Cunningham-Hales 2004, §1.3], we write Ti-igY for the union of 
the spaces 7^(0)* with s < r, and 7i(0),, for the union of the spaces with 
s < r. 

For any : Qx.r — * we write (fx.r for the element of 7Y(0)^ such that 
'^x,r(^) = ° Px,r){Y) if y G 0x,r and ifx.riY) = otherwise. As explained in 
[Cunningham-Hales 2004, §1], on the level of reductive quotients we have another 
Fourier transform taking functions on g^.r to functions on Qx.-r- With respect to 
these definitions we have 

(37) (p^r = VO\{Qx.r)<fx.-r, 

where vol refers to the measure on g. For elaboration and proofs, the reader is 
referred to [Cunningham-Hales 2004, §1]. 

Before stating the next proposition, we remind the reader that if X is regular 
elliptic, then there is unique point x in the Bruhat-Tits building for G corresponding 
to the centraliser X in G, since G has compact centre. Moreover, in this case, the 
depth of X in is the unique real number r (rational number, actually) such that 
X e 2x,r and X^q 

Proposition 12. Suppose X is a regular, elliptic, good element of q. Let x be the 

point in the Bruhat- Tits building for G corresponding to the centraliser of X in G 
and let r be the depth of X . Let X denote the image of X under px,r ■ 3x,r ^ Qx.r 
and let ip : gx,r ~^ Q denote the characteristic function of the Gx-orbit of X Cz Qx.r 
divided by the cardinality of that orbit. If f ^ ^(fl) ^ then 

(38) Ax(/)-y j f{XA{g)Y)0xMY)dYdg. 

G s 

Proof. Suppose / e H{q)^' . Then / e ^(g)!* for some some — r < —s. Thus, 
/ e H(0)^, so / e nis)^. Now, by [Cunningham-Hales 2004, Prop 1.22] and 
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elementary properties of the Fourier transform 

-1 



(39) 



VOl(0i:,r)" 



G £1 



f{kd{g)Y)^,AY)dYdg 
f{Ad{g)Y)(p^r{Y)dYdg. 



G s 



By [Cunningham- Hales 2004, Prop 1.13], 

(p^riY) = V0\{2^^r)'Px,-r{Y), 

so 
(40) 



Ax(/) = J J fiAd{g)Y)^,,^r{Y)dYdg, 



G B 



as claimed. 



□ 



Remark 13. We will sometimes write ipx (resp. (px) for the function ip (resp. ip) 
appearing in Proposition 12 above; in that case, ipx,r becomes {^x)x,r and ipx,-r 
becomes {ipx)x,-r- 

3.2. Application to our orbital integrals. In order to apply [Cunningham-Hales 2004, 
Prop 1.22] to the Lie algebra g and the orbital integrals appearing in Theorem 5, 
we must find the function {^x^)x^.-r^ for each appearing in Theorem 5, where 
Xz is the point in the Bruhat-Tits building for Xz and is the depth of Xz in g. 

3.2.1. Case: z = si. Recall (from Section 1.4) that 

V 



ev 



Here we will assume that u is a unit. The point Xs-^ is the standard vertex of 
the Bruhat-Tits building for G and the depth r^^ of Xs-^{v) is 0; in other words, 
Xsi = (0) and r^^ = 0. Thus, 

0a:sj,rsi = 0(0), = 

The reduction map Pxs-^,rs-^ is given by 



Z X 

y ~z 



\x,y,z G 



Z X 


1 — > 


Z X 


y -z 




y -z_ 



where x, y and z denote the image of x, y and z respectively under Ok Vq- Let 
Xsi {v) denote the image of Xg-^ {v) under Px,-^,r,-^ ■ The Gx,^ (Fq)-orbit of Xsi {v) in 

Qxs^,rs^ IS 

^ e s[(2,F,) 



y 



xy + = eu^ 



which has cardinality q{q — 1). Thus, (Py^^{v) ■ Qx^-^.r^-^ — > Qi is given by 
(41) Vx^ 



( 


z 


X 






y 


— z 









otherwise. 
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In order to find the (relative) Fourier transform of tliis function (in the sense of 
[Cunningham-Hales 2004]) we observe that the Killing form {X,Y) := trace (XF) 
gives a pairing between lattices 



( 


z 


X 




C 


a 


) 




y 


—z 




b 


— c 





xb + ya + 2zc, 



which in turn gives a bilinear form Qx^-^,rs-^ x gxs-^,-rs-^ ~^ ^q- The relative Fourier 
transform is taken with respect to this form. The image of the set of topologically 
nilpotent elements in gxs^.-rs^ under Px^^,-rsi is the cone 



c a 
b -c 



es[(2,F,) 



In Section 3.4 we will see that, if a& + = then 
(42) Q, 



c a 
b -c 



j = (1 -<l)V'x,,{v} 



c a 

b -c 



where Qt is given in equation (7). This completes our description of the relevant 
properties of <^x^^(t,). 

3.2.2. Case: z = S2. Since this case is very similar to the case above, we only 
summarize the results here. Recall (from Section 1.4) that 



evvj 



vm 
-1 



where v, as above, is assumed to be a unit. The point Xg^ is the vertex (1) of the 
Bruhat-Tits building for G (see Section 1.3) and the depth of Xs2(v) is 0. Thus, 



3(i),o 



ym 



z xw 
1 



I a;,?/,z G Oi 



The reduction map p^^ is given by 



z xw 




Z X 




1 — > 




yw~^ —z 




y -z_ 



c a 

b -c 



-> Qi is exactly as in the preceding case, so 

^ = {'^ ~ q)f'x,2{v) 



The function Vx^^ (v) ■ 0^ 
(43) Qt 
as above. This completes our description of the relevant properties of ipx^ („) 



c a 
b -c 



3.2.3. Case: z £ {^01^11^2,^3}- Then the point x^ is (01) and the depth is i. 
Thus, 



0(01) 



zw 
ym 



\x,y,z £ Om 



Thus, gx,,r, = A^(Fg) and the reduction map Px,.r^ '■ 9x,.r^ A^(Fg) is given by 



ZZU X 

yzu —ZZU 
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The reduction map on Gx^ GL(l,Fg) is given by 



a b 
wc d 

Thus, the action of Gx, on Qx^,r^ corresponds to the action of GL(l,Fq) on A^(Fq) 
given by t ■ [x, y) := {t^x, t~^y). It foUows immediately from the definitions above 
that 



2 
9-1 


xy = v'^ A sgn(a;) = 


= sgn(z;) 





otherwise 




2 

9-1 


xy ^ v"^ A sgn(x) = 


= sgn(ew) 





otherwise 




2 

9-1 


xy = ev^ A sgn(a::) 


= sgn(w) 





otherwise 




2 
9-1 


xy = exP' A sgn(a::) 


= sgn(£w 





otherwise. 





3.3. Two functions on A^(Fq). In this section we introduce two functions that 
play a crucial role in our proof of Theorem 5. Using notation from the preceding 
subsection, define 



(44) 



To find the Fourier transform of these functions (in the sense of [Cunningham-Hales 2004]), 
observe that the Killing form {X, Y) trace {XY) gives a pairing between lattices 



-1 



c aw 

b -c 



ZW X 
yVD —ZV3 

which in turn gives the bilinear form 



Ok 

a;6 + ya + 2wzc^ 



F„ 



{{x,y),{a,b)) 1-^ xb + ya. 

The relative Fourier transform is taken with respect to this form. The image of 
the set of topologically nilpotcnt elements in g^^.-r^ under Px^,-r, is the normal 
crossing 

{(a,6) e A2(Fg)|a6 = 0}. 
In Section 3.4 wc will sec that 

<)^'(o)(a,0) = 

22 



(45) 



'^(i)(a,0) 



-V^C sgn(6) 



9-1 
2^ 

-VgCsgn(a) 

9-1 

^(i)(0,fe)=0. 
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3.4. Some finite field calculations. In this section we defend equations (42), 
(43) and (45). 

Recall the definition of the function j± : A^(Fq) from equation (3). Recall 

also that we equip A^(Fg) with the bilinear form {{x,y), (a, 6)) = xb + ya, as ex- 
plained in Section 3.2. Finally, recall the definition of ^Px^{v) ^r z e {^01^11^2,^3}- 
Then 

'f>Xt^{v){a,h) = ^ i}{{x,y),{a,h)) Lpx,^^^^){x,y) 

(x,y)GA2(F,) 

2 

= 7 '4'{xb)'4>{ya) 

q-l ^2 

sgn(a;) = Bgn(w) 

2 



q 

sgn(3:)=sgn(i;) 



Thus, 



^x,„(.)(a,0) - J2 m^v^x-'a) 



q 

sgn(x)=sgn(t>) 



and 



q 

sgn(t)=sgn(t>) 
„ _ I '^sgn(t)) (a)i 



sgn(a;)=sgn(t)) 

2 

= — Y7sg„(i.)(^)- 



Similar arguments show that 



and 



and 



2 

'fXt^iv){O',0) = Y7sgn(e-»)(a) 

2 

<PXt, (.») (0, &) = — Y7sgn(e«)(&) 



2 

'Px,,iv){a,0) = ^— Y7sgn(e«)(a) 
2 



2 

<^Xt3(t-)(a.O) = ■^—^1sgn{v){a) 
2 

<,^Xt3(»)(0:^) = — Y7sg„(ei,)(&)- 
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Thus, 



^ 2 ('^'5gn(ti) 7sgn(eii) ~l" '7sgn(et)) ')'sgn('u)) i^^) 



- 0, 



and 



- V^x.^iv) + Vx.^iv) - Vx,^(v)) (0,6) 

2 

~ ^ _ 2 ('^>5gn(ti) ^ 7sgn(eii) + 7sgn(u) ~ 7sgn(e'u)) (6) 
Y(7sgn(i,) - 7sgn(e-o))(6) 



9 - 

22 



-sgn(w)sgn(6) 



9-1 
22 

= 7Sgn(w)V9C^sgn(6). 

Letting i> = 1 we recover the first two parts of equation (45). Likewise, 

(fX,„ (V) - V>X,, (v) - ^X,, (v) + ^X,, {v}) (a, 0) 

^ ^ (^1sgn{v) '7sgn(£i;) Tsgn(e'u) ~^ 'Tsgn(D)) 

2^ 

'^{lsgn{v) ~ 7sgn(e-u))(o) 



q 

22 

-sgn(u)sgn(a) 

9-1 
22 

— ySgn(w)y^C^sgn(a), 



and 



{V'x,,{v) ~ 'Px.^iv) - ^X,Jv) + 'Px,,iv)) (0,6) 
2 

^ ^ (7sgn(t;) 7sgn(£i;) 7sgn(D) ^" 7sgn(£T;)) (6) 

= 0. 

Letting u = 1 we recover the last two parts of equation (45). 

Equation (42) (and therefore equation (43) also) is exactly Springer's Hypothesis 
in our context. In fact, it is quite easy to verify this equality by direct calculation 
of the relevant Fourier transforms, but since this paper is already long, we omit the 
details. 

3.5. Motives for the Fourier transforms of orbital integrals. As we see 

from Section 3.2, for our purposes, there are exactly three important points in the 
Bruhat-Tits building: (0), (01) and (1). For the remainder of this section, the 
symbol x is reserved for the vertices (0) and (1) while y = (01). 

Let / be a test function supported on the topologically nilpotent elements in 
g(IK). All we need to know in order to find fix^ (/) is the values of the corresponding 
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function ipx, on the corresponding reductive quotient, and the information about 
the projections of the elements of the form h^^Yh for the elements Y in the support 
of/. 

Recall the notation [)z^„ — {Yz^n{u) \ u e O^} C g, and fz,n,± = ci^Y* fz,n,± (the 
characteristic function of the set '~^\)z.n.±; where G acts by adjoint action). 

Proposition 14. Suppose z G {sqj ^ii ^Oi '^ii ^^2; ^3}- fz.n,± be the character- 
istic function of the set '^\)z.n.± o^nd let Uq, Ui and denote the nilpotent orbits 
ms[(2,Fq) corresponding to the unipotent conjugacy classes Uq, Ui and respec- 
tively. Let K be an arbitrary linear combination of the functions Qt and Qa viewed 
as functions on sl{2,¥q) (see Section 3.4 for their definition). Then 

I I fz,n.±{gYg'^)K,fl{Y)dYdg 
(46) Jg J 5 

= K|uoTrFrobAf;;° ± + K|uiTrFrobA4%^ ± + Klu.TrFrobM,'^;^ ±, 

where M'^'^ _(_, ^z'n ± '^'^'^ -^^z ti.± '^'"^ defined in Tables 6 and 7 in the case x = (0) 
and Tables 8 and 9 in the case x = (1). 

Proof. This Proposition essentially follows from Proposition 11. We have 
/ / fz.n.±{gYg-')K,.oiY)dYdg 

JG Jg 

= 11 fz,nAy)^xfl{g~^Yg)dYdg 

JG Jg 

= / / {nx.o°cay*){g^^ig)d-/dg. 
JGJ°r,,„,± 

Note that in the above integral, the function k^, Qocay* is evaluated only at topologi- 
cally unipotent elements. The modified Cayley transform cay is measure-preserving 
on this set, and that's why the integral can be rewritten as a double integral over 
the group G. This is exactly the expression that appears in the equation (12), and 
therefore by Proposition 11 it has the required form. □ 

Corollary 15. Suppose z G {si,S2} ond z' G {50,51,52,^0,^1,^2,^3}. For each 
ri G N, the Fourier transform fix^ of the orbital integral at Xz is constant on the 
set ^l)z',n,±, and 

Ax, (/z',n,±) 

= |,„TrFrobA4%.± + cp^^ TrFrobAf^; i„ ± + ip^. U^TrFrobM^/^^^, 

where x = (0) if z = si and a; = (1) if z — S2. See Remark 13 for the definition of 

Proof. From the Section 3.2 we see that our elements Xz correspond to vertices x 
in the building, and their depths arc all r = 0. First, recall that by Proposition 12, 
we have 

HXzJz',n,±)= I f .fz',nM9Yg-'){^xJ.AY)- 
JG Jg 

Now we can plug in k ~ ipx^ in the Proposition 14. By Springer's Hypothesis 
(see Section 3.4), the function ipx, restricted to the set of nilpotent elements is a 
constant multiple of the Green's polynomial Qt (thought of as a function on the 
Lie algebra), so the assumptions of the Proposition are satisfied. □ 
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Let US now consider the elements Xz of the ramified elhptic tori, that is, z = to, 
<i, t2 or t^. Then (see Section 3.2), y = (01) and r = \, and Qy-A'^q) = A2(Fg); 
in the rest of this section we write y for (01) and r for i. The image of the set 
of topologicaUy nilpotent elements in Qy,^i/2 under Py_-r is contained in {(x^y) G 
A^(Fg) I xy = 0}. This set is the union of the following five orbits of the action of 
GL(1,F,) on h?{Wq): 

F°:={(0,0)} 

(47) Fi^+:={(0,x) I sgn(x) = 1} := {(0, x) | sgn(a;) = -1} 
F2^+:={(x,0) I sgn(x) = 1} V^^- := {{x,Q) \ sgn(a;) = -1} 

Proposition 16. Let k he a G1j{1) -invariant function defined on A?{¥q) with re- 
spect to the action defined in Section 3.4- Then, for each z € {si, S2, ^Oi ^ii ^2, ^a}? 
each 1/ — ±, and each non-negative integer n in the case z G {^Oi ^ii ^3}> ^.i^d 
each positive integer n in the case z € {si,S2}, there exist virtual Chow motives 
J^z,n,v, J^lmM O'^dAfl'^^^, such that 

I I UnAM9)Y)i^y.-riy)dYdg 

JG{K) Jg(K) 

= /v|y„TrFrobAA°„_, + ^ K|yi,=TrFrobAC;„% + ^ «k^.=TrFrobAA2;„"_,, 

a— ± a— it 

Moreover, A/J„ ^ and Mz'ni^ ■^z'nu ^'^^ rational functions of L. The virtual 
Chow motives Ml'^v '^'^^ ^"z'nu '^'^^ given in Tables 10 and 11. 

Proof. We rewrite the left-hand side as the sum over the nilpotent orbits in the 
reductive quotient, as we did with the character in Section 2.1. In order to do 
this, we make the following definition. Suppose V is one of the GL(1, Fg)-orbits in 
A^(Fq) appearing in equation (47). Let n be an integer and recall that y denotes 
the point (01) in the Bruhat-Tits building for G. For any regular topologicaUy 
nilpotent element Y of g, let Ny ^iY) denote the number of Gaj-cosets gGy inside 
the double coset space Gx\G/Gy that satisfy the following condition: 

g'^Yg e 2v-r A Py.-rig^^Yg) G V. 

Let A be the set of diagonal matrices of the form diag(n7'*', w~'^) where A is an 
arbitrary integer. Then G has the decomposition G = GxAGy (note the difference 
with Cartan decomposition where A is non-negative). Using the Gy-invariance of 
the function Ky.-r; we obtain, for an arbitrary test function /: 

/ / f{Y)KyMg-'Yg)dYdg 

(48) = / / / fiY)Ky,My^'h-'Yhy)dYdydh 

J Gj Gy J Gy J g 

-m(Gy) E E f f{Y)Ky,-rih-'Yh)dY 

aeG^\G/Gy heG^aGy/Gy •' ^ 

Note that the summation index in the outside sum in fact runs over Z. As with the 
case of the character, the sum in fact contains only finitely many nonzero terms, 
since at the moment we are considering only the elliptic elements Y . 
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The rest of the argument follows the pattern of the proof of Proposition 11, 
taking equation (48) as the starting point. It also proceeds case-by-case. Here we 
carry out the proof for the test functions fz.n.± with z = si and z = t2. The other 
cases are very similar; the results of these calculations are recorded in Tables 10 
and 11. 

As in Section 2.1, we can continue the chain of equalities (48) by writing the 
integral inside the sum as a sum over GL(1, F(j)-orbits: 



^Gy) E E f fz,n,±{y)^y,-r{h~'yh)dY 

aeG^\G/Gy heG^aGy/Gy 8 

E E^l^/ NvMY)dY 

aeG^G/Gy V •^^f).,n,± 

'-Y.n\v / Nv,x(Y)dY. 



Note that since there are, in fact, only finitely many non-zero terms, the permu- 
tation of the two sums is valid. 

Now it remains to "calculate" the numbers Nv,\{Y), i.e., to express them in 
terms of motivic volumes of some definable sets. This is done by brute force, in 
a manner similar to the calculation of the character. Our calculation will make it 
transparent that these numbers are constant on each of the sets *^f)z.ri,±- 

We will need the formula for the number of G^-cosets inside each double coset 
Gxa\Gy (A e Z): the cardinality #GxaxGy/Gy equals q"^^'^ if A > 0, and q"^^^^ 
if A < 0, as can be shown using the affine Bruhat decomposition for G (see 
[Bruhat-Tits 1996], for example). Recall that with the notation of Section 1.7.2, we 
can write [GxaxGy/Gy] = L^"^"^ when A is a positive integer, [Gxa\Gy/Gy\ = L^^"^ 
when A < 0. 

Let ha\ be a representative of a coset Gxa\Gy/Gy] write h ~ [ld\ ^ ^^x- 
A statement completely analogous to Lemma 8 relates the numbers Nv,\ to 
the motivic volumes of the sets {h \ py^^r{a'^^h''^Yz^niu)hax) = (x,0)}, and {h \ 
Py^-r{a'^^h~^Yz^niu)hax) = (0,a;)}, with x square or non-square, respectively (of 
course, we also need to show that these four sets are definable). Then to obtain the 
virtual motives Af^'^,^, and M'^'^v, we need to sum these motivic volumes over all 
values of A. 

The following is the list of possibilities for the element py^^r{c^x^h^^Yz_n{'U')ha\) 
of A^(Fq) in the two cases z — t2 and z ~ si. 

Case: z = The conditions on a,b,c,d and A for a^^/i^^Yj „(M)ft,aA to be in 
Gy^—j. are! 



(49) 



-2A + ord(d2uTO" - h^euzD''+^) > -1, and 
2A + ord(-c^u7Z7" + a^eW+i) > 0. 



Applying the reduction map Py,-,- to a^^^h ^Yz_niu)hax , we see that there are a 
few possibilities: 

1. n is even: Recall the notation v = sgn(it). 

(a) If -n/2 < A < n/2, then py_rial'^h-'^Yz,n{u)hax) = (0,0). 
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(b) Suppose A = n/2 + 1. If ord(d) > then 

Pv.-r{ax^h^^Y^.n{u)hax) = (x, 0) 

with sgn(a;) = sgn(— ew) = — sgn(— u) ^ — C^sgii(u); on the other hand, 
if ord((i) = 0, we have a^^h~^Yz^n{u)ha\ ^ Gy^-r- 

(c) Suppose A = ~n/2. If ord(c) > then 

Py.-r{ax^h'''^Yz^riiu)hax) = (0,0); 
on the other hand, if ord(c) = then 

Py-ria^^ h^^Y2,n{u)hax) = (0,?/), 

with sgn(y) = sgn(— u) = C^^v. 

The case (b) allows us to calculate the virtual motives responsible for the 
two orbits of the form {x, 0): the virtual Chow motive A/"/,'^ ^ corresponding 
to the orbit of (1,0) equals if C^i' ~ 1, and equals [GxCiii^iGy/Gy] = 
_L_]]^n+i j£ ^2j^ _ _^ Pqj. ^j^g orbit of (e,0), the answer is the reverse: 
■^t2^,u equals if C^iy = —1, and equals |^L"+^ if ('^v ~ 1. 

From the case (c), we get the motives corresponding to the other two 
orbits: AA.'^'X, ^ ^^^^^^^^^iG^a^^Gy/Gy] - ^^L" if ("i. = 1, and if 

(^^ly ~ —1, and for J\ff^ „ ,^ these answers are reversed. 
2. n is odd: 

(a) If-(n+l)/2 < A < (n+l)/2, then py^^r{ax^h~^Y,^n{u)hax) = (0,0). 

(b) If A = (?i + l)/2, there are two possibilities: if ord((i) = then we have 

Py-riax^h~^Y^,n{u)hax) (x,0) 
with sgn(a;) = sgn(w); on the other hand, if ord{d) > then 
Py^.r{ax^h-^Y,,„{u)hax) = (0,0). 

(c) Suppose A = —{n + l)/2. If ord(c) = 0, we have a^^h~^Yz^n{u)hax ^ 
Gy-r] if ord(c) > then 

Py~r{ax^h~'^Y:,^n{u)hax) ^ {0,y), 

with sgn(y) = — sgn(u). 
As before, from the calculations in the sub-case (b) , we see that the virtual 
Chow motive J^t2~n u that corresponds to the orbit of (1,0) equals if 
I. = -1, and equals ^i(£^)^g£^[G,a^G,/G,] = c^L^+^^i = j:^,^- 
a ly = 1. For the orbit of (e,0), the answer is the reverse. The subcase 
(c) yields AAf;X. = ^[G.a^^Gy/Gy] ^ j:^h^+' li v = -1, and if 
v = l. 

Case: z = si. In this case, the conditions (49) arc replaced with: 

-2A + ordiSvj'' - b^euw'') > -1, and 
(50) , , 

2A + ord(-c2uw" + a^euw'') > 0. 

1. Suppose n is even. Then we obtain: 
(a) If -n/2 < A < n/2 then 

Py,^riax^h-^Y,,„{u)hax) = (0,0). 
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(b) If A = -n/2 then 

Py-r{ax^ h~'^Y^,n{u)hax) = (0, y) 

with sgn(y) = sgii(u)sgii(ac(— + a'^ej). 
We see that ■N'sl^ i, are both zero when n is even, for any value of v. In 
order to find Afg^"^ ^, we need to calculate the ratio of the volume of the 
subset of Gx defined by the formula '$r] ^ 0, ac(— + a^e) = 77^' to the 
total volume of Gx- Note that — + a^e ~ —{(? — a^e). (This formula 
should be understood as an abbreviation. We should first consider the 
formula with an extra free variable b: '^77 ^ 0, ac(— + a^5) = do the 
motivic calculation, then plug in our value of e, and the calculation is very 
similar to the one in Lemma 9, carried out in [Gordon 2009].) Note that 
the expression — a^er is a square of a nonzero element for exactly half of 
the elements of Gx- Then this ratio is 1/2. Therefore, in the both cases 
V ^ \ and = — 1, the answer is the same: 

A/;^^l. = \{G.a^l2GylGy\ = iL2|-"/2| ^ l^". 

2. Suppose n is odd. In this case, we have 

(a) If-(r7. + l)/2 < A < (n + l)/2 then 

Py-\l2{o.1^h^^^zM{u)ha\) = (0,0). 

(b) If A = — (n + l)/2 then the element a^^/i^^F2_„(u)/iaA is not in Gx for 
any h. 

(c) If A = (n + l)/2 then 

with sgn(a;) = sgn(-u)sgn(ac(d^ — eb'^))- 
Similarly to the previous case, we get: N^^^ 1/ = 0; M^^^ ^ = |L" (again 
using lemma 9 to show that the volume of the subset of Gx defined by the 
formula '$r] ^ 0, ac(d^ — fe^e) = 77^' equals half of the volume of Gx- 

The calculation in the case z = S2 follows the pattern of the case z = si, except 
there are the same additional complications as we saw in the case of the character. 
Not surprisingly, the answer is still the same as in the case of si except the roles 
of the cases n even and n odd are switched. The results of similar calculations for 
the remaining ramified cases are summarized in Tables 10 and 11. 

The virtual Chow motives A/J„ ^ can be computed following arguments as above. 
However, since they do not appear in any of our further calculations (all the func- 
tions K we are interested in vanish at the origin), we omit this calculation. □ 

Corollary 17. Let t)^ be ramified elliptic (so z G {to, ^i, ^2, ^3}^- For each n G 
N, the Fourier transform flx^ of the orbital integral at is constant on the set 
'^^z',n,v for v ~ ±, z' G {si, S2, toj ^ij ^2, ^3} O'lT'd a positive (resp., non-negative, if 
z' G {^01^1,^2,^3}/ integer n, and we have 

{fz',n,u) 

= ^;fJv„TrFrobAAO^„,, + ^ (^.^Jv^-TrFrobAC;:,, + VxAv^^-'™ohU^;% ,^ 

a— ± a— ± 
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Proof. From Section 3.2, we see that our elements Xz correspond to the pomt y = 
(01) in the building, and their depth is r = 1/2. First, recall that by Proposition 12, 
we have 

Jg Jb 

Note that the support of the functions fz.n.± for all z and all n > is contained in 
i)y^-r, so the Proposition 12 is applicable. Now it remains to plug in the function k ~ 
(fix 1 which is now a GL(1, Fq)-invariant function on A^(Fg) in the Proposition 16 
to complete the proof. □ 



Table 10. The virtual motives for the Fourier transform of orbital 
integrals at elements Yz^n(u), for z S {si,S2}. Here i> = sgn(u). 



z 




A^2.± 


Si 


^1:1. = AC;-. = ^L" nodd 
J^l'.n.u = J^l:n,v = n even 


J^z'Xu = AA^'- = n odd 
^11^= = iL" neven 


32 


Nl:+^ = N^^- =Q n odd 
A^'rt. = ^l:n,u = \^" "even 


A/?;^. = AA5-, = iL" nodd 

^zln.v = ^z'.n.v = " ^veu 



4. MOTIVIC PROOF OF THE CHARACTER FORMULA 

Now we are ready to prove Theorem 5, and to calculate the coefficients that 
appear in Table 4 in the process. Recall that semi-simple character expansion is 
an equality of two distributions on the topologically nilpotent regular set in the Lie 
algebra. These distributions are represented by locally integrable functions, which 
are constant on the sets '^^z,n,±, see Proposition 11, Corollary 15 and Corollary 17. 
We prove the semi-simple character expansion by checking the equality on each of 
these sets. 

Let TT be a representation as in Section 1.1. We start with the case when tt is 
obtained from a Deligne-Lusztig representation, where the proof is straightforward, 
and requires no consideration of separate cases. If tt is of the type ■k{x, 9) with x = 
(0) or X ~ (1), then by Proposition 11, we have, for each z' G {.sq, si, S2, to,ti,t2, ts} 

-TG^ ,Q.i.,e)Uz',.,u) = - ^Qt I t/TrFrobM;/^_,. 

i Z' .TIM J jj 

On the other hand, for z = si or S2, by Corollary 15, 
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Table 1 1 . The virtual motives for the Fourier transform of orbital 
integrals at elements Y^^niu), for z G {^07^17^27^3}- (Recall that 
= sgn(— 1) and v = sgn(M).) 



z 






to 


= L + 1 and AC,„,. = 0, 

•r ^2n+2 
if = 

^l:lu = ^ and AC;„^. = |j^ 
otherwise 


A/?;^. = and AA^;-,, = 

■r /.2n+2 

if C =1^ 

A/?,;t. = and = ^ 
otherwise 


h 


^l:lu = j-p^ and A^i;-, = 0, 

•r A2ri+2 

\l Q = —v 

<;+, = and aC,„":, = 
otherwise 


^11. = j;^ and ^2;-, = 0, 
it c = — 

A/?;i-v = and Ml]-^, = j-^ 
otherwise 




= 1;^ and AA,i„-, = 0, 

•r /■271+2 ( i\?l+l,, 
11 = (— i) 

K:tv = ^ and AAi;„-;, = ^-^ 
otherwise 


= 1;^ and AA2;„-^ = 0, 

it C = (-1) 

A/'';t. = and AA2;-^ = ^-^ 
otherwise 


h 


A/'i,;^. = l7^ and aC;-. = o, 

if (2n+2 ^ (_1)'V 

AC,^. = and Ml--^,^j-^ 
otherwise 


if C2"+2 ^ 

A/''rt. = and Ml--^, - 
otherwise 



where a; = (0) if z = si, and 2: = (1) if z = S2- As shown in Sections 3.2.1 and 
3.2.2, 



Qt = (1 - g)<^x,, = (1 - ■ 
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It follows immediately that 

This proves the theorem in the case when tt comes from a Deligne-Lusztig repre- 
sentation. 

Let us now turn to the non-Deligne-Lusztig case. Let tt = t:{x, +), where x = (0) 
or x = (1) (the other two cases can be obtained by changing the sign in fr-ont of 
Qg everywhere below). Then 

;^^(,^e.(/,_ocay) 

(52) 1 1 

= - 2 E QT(C/)TrFrobA/-^., - - ^ OG(^)TrFrobAf:;^_,. 
u u 
As we have seen in the equation (51), the first term (i.e. the part of the character 
that comes from inflating Qt) is a multiple of ft-x^^ {fz',n,iy) hi the case tt = 7r(0, +), 
and of flx,^ {fz',nM) in the case tt = 7r(l, +). The coefficient is since on the left 
Qt appears with the coefficient — i. 

It remains to express the second term, —^J2u QG{U)TrFTohM^,'^ i,, as a linear 
combination of the Fourier transforms of orbital integrals. In order to do that, recall 
the functions (/9(o) and defined Section 3.3. By Corollary 17, if z' is elliptic, we 
have 



(53) 
and 
(54) 



|^..TrFrobAAif„_,, 



1 = 1,2 

a = ± 



fj-Xto {fz',n,v) - fJ-Xt^ {fz',nM) + fj-Xt^ {fz',nM) ~ jj-Xt^ {fz',n,u) 



1 = 1,2 

a = ± 



.TrFrobTV:: 



= f^Xtg {fz',n,v) - fj-Xti {fz',n,v) - fiXt^ {.! zJ ,n,v) + t^Xt^ [jzi,n.y)- 

Also, if z' = So, then, since the both functions (^(g) and (^(i) vanish at the origin 
and take the opposite values on the orbits V^'^ , ^^' ^ and F^'^, it is easy to 

see in a way that mimics the proof of Proposition 11 in the case z = sqi that the 
right-hand side of equation (53) and (54) vanishes on \)so,n for ti > 0. 
We claim that for any z and any positive (resp., non- negative) n, 

(55) ~\ J2 QG(C/)TrFrobAf:;^ ^ = c ^ ^,|y,,„TrFrobAAi:^:,„ 

U ' = 1.2 

Q = ± 

2 — 1 

with some constant c that we will calculate below (we will see that c = — ^^3^ ). 
Note that the left-hand side depends on the choice of the vertex x. On the right, 
it is the constant c and the function ip^ that depend on x. This equation could be 
called the motivic version of our character formula. It is the core of the proof - 
here we are comparing the inflation of two functions that live on different reductive 
quotients. Note that once we prove this claim, Theorem 5 will follow immediately. 
On the other hand, the proof of the claim is automatic: all we need to do is plug in 
the values of the functions ipx from Section 3.3, the values of Qg from Section 1.3, 
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and the motivic coefficients from Tables 6 and 7 ii x ~ (0) and Tables 8 and 9 if 
X = (1) on the left, and from Tables 10 and 11 on the right. 

The equality (55) has to be checked on each of the sets ijz'.n.v (recall that v = zL). 

Observe that the function (^(q) vanishes at V^'^, and the function (p^^) vanishes 
at V^'^, so that the right-hand side in any case has only two nonzero terms. On 
the left, since Qg vanishes at the identity, there are also only two nonzero terms. 

For z' = So the equality we want to prove is trivial, since the both sides vanish, 
as discussed above. For z' ~ si and z = .S2, the equality also turns out to be trivial. 
On the right, the two nonzero opposite values of the function tp(^Qj or i^^^) appear 
with the same coefficient, so the right-hand side equals zero. On the left, the 
function Qg takes opposite values on Ui and U^, and they also appear on the left- 
hand side with equal coefficients, so the left-hand side of equation (55) is also zero. 
This, however, gives no information of the constant c. 

For z' € {to, ti,t2,t3}, we see from Tables 10 and 11 that only one of the nonzero 
values of (p^ appears with a nonzero coefficient, and we see from Tables 6, 7, 8 
and 9 that also only one nonzero term appears on the left. The left-hand side of 
equation (55) equals -i^C^9"SIGNi, where SIGNi = 1 if the coefficient M^;^]^ 

is nonzero, and SIGNi = — 1 if Mp^',^ is nonzero. 
The right-hand side equals: 

c^V9C'^^SIGN2 ifx- = (0), 
Cf^V9C^^SIGN2 ifx = (l), 

where SIGN2 is the sign that depends on which one of the virtual Chow motives 
■^z'^n^ is nonzero. Let c = — %3y-C^j which is the constant that appears in Table 4. 
Then, to finish the proof of the theorem it remains to show that on every set t)z',n,i/ 
with z' £ {to, ■ ■ ■ ,^3}, we have the identity SIGNi = C^SIGN2 in the case x = (1), 
and SIGNi = SIGN2 in the case x = (0). Here is the comparison of the two SIGNs 
in the case x = (0): 



z 


= io : 


SIGNi 






SIGN2 


^ ^2(n+l) 




z 


= ii : 


SIGNi 


= -K'" 




SIGN2 


^ _,^^2(n+l) 




z 


= ^2 : 


SIGNi 


= <'"(- 


1)" 


SIGN2 




1)". 


z 


= ^3 : 


SIGNi 


= K'"(" 


l)"+i 


SIGN2 




1)"+1 



We see that in all cases SIGNi ~ C^SIGN2, which completes the proof in the case 
a;=(0). 

The case x = (1) is identical, except we need to use Tables 8 and 9 instead of 
Tables 6 and 7 to calculate SIGNi, and the first column of Tables 10 and 11 instead 
of the second column, to calculate SIGN2. 

5. Final comments 

5.1. Theorem 5 and our choices. Let us begin by reviewing all the choices made 
in this paper before the proof of Theorem 5. 

First, in the pre-amble to Section 1, we began with an odd prime p, a p-adic 
field K, a prime i different from p [e.g., I = 2), and an algebraic closure of Q^. 

Next, in Section 1.2 we fixed an additive character -0 : — > and a square 
root of q in Q^. These choices (via Gauss sums) determined a fourth-root of 
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unity ( £ Qe such that ("^ ~ sgn(— 1) (see Remark 1). This, in turn, determined 
how we labelled the two representations a+ and ct- in the Lusztig series for (T, 9o) 
and therefore our definition of Qg (see Section 1.3), and therefore our definition of 
7r(0, +), ■7r(0, — ), 7r(l, +) and 7r(l, — ) (sec Remark 2). 

Independently, we fixed cocycles {si, S2, to, ti, t2, t^} in Z^(K, N) such that their 
cohomology classes lay in the kernel of the map H^{K, N) — > H^(K, G) induced by 
inclusion — > G. This choice determined a uniformizer vj for IK and a non-square 
unit e in Ok (see Remark 4). We remind the reader that, if sgn(— 1) = —1 then 
the cohomology class for to equal the cohomology class for ti and the cohomology 
class for t2 equal the cohomology class for t^. 

Finally, for each z € {51,32,^07^1,^2,^3} we chose an element Xz G with 
minimal non-negative depth in its Cartan subalgebra; they are listed in Table 3. 
This last step amounted to the choice of a unit v in Or (see Section 1.8). 

Also, the Fourier transform of the orbital integral /ix^ is taken with respect to an 
additive character -0 : IK — > with conductor Ok such that the induced additive 
character of is tp. Also, we must use compatible Killing forms, and the correct 
measures everywhere, as we did. 

With all these choices we made, the values of the coefficients (tt) in our semi- 
simple character expansion are presented in Table 4. From that table we make 
three observations. 

(1) If TT is induced from a Deligne-Lusztig representation then, for each cocycle 
z, Cz(7r) is a rational function of q with integer coefficients. 

(2) If the cocycle z is unramified (by which we mean the Cartan Tz is unrami- 
fied) then Cz{tt) is a rational function in q with integer coefficients, for every 
depth zero supercuspidal irreducible representation tt. 

(3) If TT is depth zero supercuspidal irreducible representation but tt is not 
induced from a Deligne-Lusztig representation and if the cocycle z is rami- 
fied (by which we mean the Cartan Tz is ramified), then Cz^n) is a rational 
number for every p, but it is not a rational function of q. Instead, in this 
case, Cz{n) is a rational function of q multiphed by sgng(— 1). Observe that 
sgng(— 1) cannot be expressed as a rational function in q. 

It is reasonable to ask if these properties continue to hold had we made differ- 
ent choices above. The answer is affirmative. To see why, we say a few words 
about how the semi-simple character expansion would change if the definition of 
the XzS were modified. Since we have gathered complete information about the 
Fourier transforms of all regular elliptic orbital integrals /tx (when X has minimal 
non-negative depth in its Cartan subalgebra) evaluated at topologically nilpotent 
elements Y , we can explore the dependence of the coefficients in the semi-simple 
character expansion of the orbits we chose. (Of course, each Xz can be replaced by 
any element in the same adjoint orbit as Xz^ since the distributions fix^ and Ojr 
are invariant under the group action.) 

To begin, consider the local constancy oi X 1-^ i^xif) for a fixed Schwartz 
function / supported by topologically nilpotent elements. Using equations (42) 
and (12) we see that 



(56) 
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Moreover, since Qt (see Section 1.3) does not depend on v £ it follows that 
Axaj(i>)(/) is independent of v; thus, for any / as above. 



(57) / Ax.,(.)(/)d« = ('?-l)Aix,,(/), 



where the Haar measure on is chosen so that has measure q — 1- 

From our point of view, it would have been more natural to re- write equation (56) 
(and therefore the first line in Table 4) in the form 



(58) e,(o,e)(/)= / fix^,i.)if)dv 



from which we see that our choice for v was completely unimportant here. (See 
Sections 1.1 and 1.3 for the definition of 7r(0, 9).) Similarly, we can re-write the last 
line of Table 4 in the form 

(59) ©77(1,9) (/)= / Ax„ («)(/) rfw- 

These expressions depend on our choice for the cocycles si and S2 only. Therefore, 
once the cocycle si is chosen, the element Xs^ may be replaced by any element 
in the Cartan uniquely determined by the cocycle si as long as that element has 
minimal non-negative depth in that Cartan; likewise, for the cocycle S2- 

Regarding the totally ramified Cartan subgroups, things are a bit more subtle. 
From Table 4 we see that if / is a Schwartz function supported by topologically 
nilpotent elements, then 

f{M(g)Y) {QG)^oi),i{Y)dYdg 

(Axto (/) - fix,, if) + Axt2 (/) - AXt3 (/)) • 



-I 
2^q 



Invoking the local constancy of X t-^ fi-xif) we may re- write the equation above in 
the form 

[ [ f{Ad{g)Y)iQG\o).o{Y)dYdg 



Axto iv) if) dv - / fix,, („) (/) dv 



to ^ 

{sgn('u)=+l} {sgn('u)=+l} 



f^Xt^(v){f)dv - J flXt^{v){f)dv. 

{sgn(D)=+l} {sgn(t>)=+l} 

Similar observations apply to representations induced from G(i). In this way we see 
that only sgn(z;) was important in our definition of the ramified orbits appearing 
in Theorem 5. More precisely, once the cocycle to is chosen, the element Xt^ may 
be replaced by Xta{v) as long as sgn(u) = 1; hkewise for the cocycles ti, t2 and is. 
However, if sgn(i') = — 1 and z S {^o, ^i, ^2, H}, then fix^ is not equal to fix,, (v) (^)i 
even when restricted to functions supported by topologically nilpotent elements of 
0- 

Having dealt with v we return to our choice of non-square unit e. From the local 
constancy of the Fourier transform of the orbital integrals we have the following 
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immediate consequence. For any Schwartz function / supported by topologically 
nilpotent elements of g, 

(60) / %llP^'^^='-^f''''^^^^- 

{sgn(5) = -l} 

Similar observations hold for all our orbits. Motivated by the motivic integration 
view of things, we might have replaced each of our orbital integrals with an integral 
over V and 5 (e is a particular value of S). In fact, that is exactly what we did 
when we used motivic integration with parameters in Section 2.3.2 and allowed the 
parameter to vary over the set of all non-squares in the residue field. The result is 
easily related back to orbital integrals appearing in representation theory because 
of relations of the following form. 

(61) / / /i[^o^.](/)d«d<5 = ^^Ax,(/). 

{sgn(i) = -l} {sgn(t;)=+l} 

Similar observations hold for all our orbital integrals. Consequently, replacing any 
of our orbital integrals with these 'smeared' orbital integrals would have the effect 
of changing the coefficients in the semi-simple character expansion in very simple 
ways. 

In summary, we have shown in this section that the three observations made 
above concerning the rationality of Cz{Tr) are completely independent of all our 
choices. 

Also, since we have been switching freely between polynomials in q and virtual 
Chow motives, we notice that the coefficients Cz{tt) can always be interpreted as 
elements of the ring Mot, as we do in Table 12. Indeed, if we replace the polyno- 
mials in q with the corresponding elements of the ring Mot as we have been doing 
so far, we can see that the denominators of Cz(7r) are invertible in the ring Mot. 
Moreover, a motivic expression for jg found by considering the 0-dimensional 
variety defined by the equation .t^ = —1 (this variety appears for the same pur- 
pose in [Hales 2005b]): if § denotes the class of a;^ — 1 in the ring Mot, then 
= — TrFrob(l — §). Note, moreover, that this motive appears exactly when 
we study depth zero supercuspidal representations tt which are not induced from 
Deligne-Lusztig representations and when we consider cocyclcs z for which the cor- 
responding Cartan is ramified. We will have more to say about this phenomenon 
in Section 5.2. 

5.2. Theorem 5 and endoscopy. This paper has focused on the motivic nature 
of the values of characters of depth-zero supercuspidal representations of p-adic 
SL(2), on the motivic nature of the Fourier transform of some associated orbital 
integrals, and on the relations between the associated motives in the Chow ring. In 
particular, the techniques used in the paper make it clear that, once these motives 
are determined, the character formula of Theorem 5 admits a proof which could 
easily be automated. While it is seems promising to illustrate a strategy showing 
that certain results from local harmonic analysis can be proved algorithmically, this 
method of proof does not explain some of the striking patterns in Table 4. In this 
section we explain these patterns. 

First, one must note that, although Table 4 is a 6 x 6 matrix, the rank of this 
matrix is 4. It is easy to understand why the rank of the matrix is at most 5: 
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Table 12. Motives for the coefficients Cz{tt) appearing in Theo- 
rem 5. Here we write M for (L^ — 1)(1 — §) in order to save space. 



Cz{tt) 


Z ~ Si Z ~ S2 


z = z = ti 


Z =t2 Z =tz 


TT = 7r(0,6l) 
TT = 7r(l,6l) 


L- 1 
L- 1 










TT = 7r(0,+) 
TT ^ 7r(0,-) 
TT = 7r(l, +) 

I" = 7^(1,-) 


^ 

2 " 
2 " 

t_i 



" 2 


1 M M 

U I M 

1 M M 
^2^ 2^ 

M I M 


1 M M 

M , M 
2^ 2^ 

M 1 M 
WL '^Wh 

1 M M 

^2^ WT. 



it follows immediately from the nilpotent characters expansion that characters of 
depth zero supercuspidal representations of SL(2,K) span a space of dimension at 
most 5, since that is the number of nilpotent orbits in s[(2, K) when the residual 
characteristic of K is odd. 

But why is the rank of Table 4 exactly 4? Going back to Section 1.3, observe 
that characters of cuspidal representations of SL(2, F^) are linearly dependent when 
restricted to unipotent elements. In fact, the set {trace ere , trace (T+ , trace (t_ } ad- 
mits exactly one linear relation on unipotent elements: if g G s[(2, Fq) is unipotent, 
then 

(62) trace a+ (g) + trace a--{g) ~ trace cro{g). 

(This relation is best understood through Lusztig's work, but this would take us too 
far afield.) Two linear relations involving characters of depth zero supercuspidal 
representations on topologically nilpotent elements of sl(2,K) follow directly from 
this observation: if / is supported by topologically nilpotent elements, then 

(63) 07r(o,+)(cay*/) + 07r(o,-)(cay*/) = 07r(o,e)(cay*/) 
and 

(64) 0x(i,+)(cay*/) + 6^(1 _) (cay*/) = 07r(i,e)(cay*/). 

Together with the fact that the Fourier transform of our orbital integrals are linearly 
independent on functions supported by topologically nilpotent elements (which can 
be seen using the techniques of [Cunningham-Hales 2004, §1]), this explains why 
the rank of Table 4 is exactly 4. 

But a deeper understanding of Table 4 begins with the following observation: if 
/ is supported by topologically nilpotent elements, then 

(65) 6,(0,,) (cay* (/)) + 6,(1,,) (cay*/) ={q - 1) (Ax., (/) + fix^, (/)) ; 
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moreover, the right-hand side is the Fourier transform of the stable distribution 

(66) A^l^ :-MA-,, 

and so it follows from the work of Waldspurgcr that fi^-^ is a stable distribution. 
Thus, the sum of characters on the left-hand side is a stable distribution on the set 
of topologically nilpotcnt elements. In fact, 

{7r(O,0),^(l,0)} 

is an L-packct (see [Labesse-Langlands 1979, §12]). Likewise, from Table 4 we see 
that if / is supported by topologically nilpotcnt elements, then 

07r(o,+)(cay*/) + 07r(i,+)(cay*/) + 07r(i,+)(cay*/) + 07r(i,-)(cay*/) 

(67) , ■ ,t 

= (9 - 1)m.y,J/)> 

which is the same stable distribution appearing above. In fact, 

{7r(0,+),^(0,-),7r(l,+),^(l,-)} 

is an L-packet (see [Labesse-Langlands 1979, §12]). Thus, if tt is a depth zero 
supcrcuspidal irreducible representation of SL(2, K) then the L-packet containing tt 
has cardinality two if tt is induced from a Delignc-Lusztig representation; otherwise, 
the L-packet containing tt has cardinality four. 

Now we are ready to understand the pattern seen in Tabic 4 through the the- 
ory of endoscopy. There are exactly five endoscopic groups H for G; four elliptic 
endoscopic groups, and one non-elliptic endoscopic group. The elliptic endoscopic 
groups are SL(2) itself, and three copies of U(l), one for each quadratic extension 
of K. In Table 13 we write Ue(l) for the special unitary group splitting over K{y/e), 
Uro(l) for the special unitary group splitting over IK(y^), and U£ro(l) for the spe- 
cial unitary group splitting over K(-\/£tu). The non-elliptic endoscopic group for 
G is GL(1), which plays the role of a Levi subgroup of SL(2); had we considered 
non-supcrcuspidal depth zero representations in this paper, it would have played 
an important part. 

Table 13. Elliptic endoscopic groups H for SL(2) over K; one 
SL(2)-rcgular clement Yh from each f) = LicH; an image Xh S 
sl(2,K) under the Langlands-Shelstad map; and the K-orbital in- 
tegral determined by Yh- 



H 


SL(2) 


Us(l) 


U^(l) 


Ue^(l) 


Yh 


ro 11 








Xh 




Xs, 


Xto 


Xt2 


G,H 











MOTIVIC PROOF OF A CHARACTER FORMULA FOR SL(2) 



49 



In Table 13 we pick one good elliptic element Yh from the Lie algebra t) of each 
elliptic endoscopic group for G. Each Yh G f) is g-regular; for each Yh we choose 
an image Xh = Xz in g from the list of elements appearing in Theorem 5, such 
that Ag^(,(Xfl', Yf/) = 1, where Ag.i, is the Langlands-Shelstad transfer factor for 
the pair (g, f)). Each Yh G t) thus determines a K-orbital integral on g according to 
the formula 

(68) A^^f ==^A,,^(X',yH)Mx', 

A'' 

where the sum is taken over adjoint orbits in g. In our cases the results are: 



G,SL(2) 


= P-x,^ 


+ M^.2 




G,Ue(l) 


= l^X., 


"MA., 




G,U„(1) 


^f^x,„ 


"A* At, 




, G,U,„(1) 




- MA,3 





as recorded in Table 13. It is now clear from Table 4 that, when restricted to 
Schwartz functions supported by topologically nilpotent elements, the Fourier trans- 
form of these four distributions span exactly the same space spanned by the char- 
acters of depth zero supercuspidal representations of G (on the pull-back by the 
Cayley transform of the same space of functions). In fact, the distributions 

r.-.st -sgn -sgn -sgn i 
1Ma,j ) Ma,j ' Ma,j ' MAt2 J 

are linearly independent on the set of Schwartz functions supported by topologically 
nilpotent elements, and provide a natural basis for the characters of depth zero 
supercuspidal representations of G (on the pull-back by the Cayley transform of 
the same space of functions). The result is Theorem 18, which enjoys one advantage 
over Theorem 5: the coefficients are unique with the choices made above. Moreover, 
regarding these choices, the techniques of Section 5.1 apply here too, as do all other 
techniques from this paper. 

Theorem 18. Let K be ap-adic field withp ^ 2. For each depth zero supercuspidal 
representation tt of G and for each elliptic endoscopic group H for G there is a good 
elliptic Yh € hicH with minimal non-negative depth in LieH and a unique rational 
number ch(t^) such that 

(69) e.(cay*/) = ^ CH{7r)fii^f if) 

H 

for all Schwartz functions f supported by topologically nilpotent elements in g. 
Moreover, the coefficients are motivic, in the sense explained in this paper. Motives 
for the coefficients Cz{tt) are given in Table 14-- 
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1 L-1 
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L— 1 
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+ 2 

L— 1 
2~ 
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1 L-1 
"*"~2'^ 

1 L-1 
' ~2^ 
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"^^^ 

1 L-1 
' 2- 
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L-1 


-5^(1 -§) 





Cluckcrs-Locscr 2008. R. Cluckers & F. Loeser, Constructiblc motivic functions and motivic in- 
tegration, Invent. Math., Volume 173 Number 1 (2008), 23-121. 

Cluckers-Hales-Loeser 2007. R. Cluckers, T.C. Hales, F. Loeser, Transfer Principle for the Fun- 
damental Lemma, preprint http://arxiv.org/abs/0712.0708, 2007 

Cunningham-Hales 2004. Clifton Cunningham & Thomas Hales, Represent. Theory 8 (2004), 414- 
457. 

Deligne-Lusztig 1976. Pierre Deligne & George Lusztig, Representations of reductive groups over 

finite fields. Annals of Mathematics, Volume 103 (1976), 103-161. 
Digne-Michel 1991. Frangois Digne & Jean Michel, Representations of Finite Groups of Lie Type, 

London Mathematics Society Student Texts 21, 1991. 
Gordon 2009. Julia Gordon, An Overview of Arithmetic Motivic Integration, in preparation. 
Gordon 2004. Julia Gordon, Motivic nature of character values of depth zero representations. Int. 

Math. Res. Not. 2004, no. 34, 1735-1760. 
Denef-Loeser 2001. J. Denef & F. Loeser, Definable sets, motives and p-adic integrals. J. Amer. 

Math. Soc. 14 (2001), no. 2, 429-469. 
Hales 2005a. Thomas Hales, Orbital integrals arc motivic. Proc. Amer. Math. Soc. 133 (2005), 

no. 5, 1515-1525. 

Hales 2005b. Thomas Hales, What is motivic measure? Bull. Amer. Math. Soc. (N.S.) 42 (2005), 
no. 2, 119-135. 

Harish Chandra 1970. Harish Chandra (notes by G. van Dijk), Harmonic Analysis on Reductive 
p-adic Groups, Springer Lecture Notes in Mathematics, Volume 162, Springer -Verlag, 1970. 

Lusztig 1985. George Lusztig, Character Sheaves I-V, Advances in Mathematics 56 (1985), 193- 
297; Advances in Mathematics 57 (1985), 226-265; Advances in Mathematics 57 (1986), 266- 
315; Advances in Mathematics 59 (1986), 1-63; Advances in Mathematics 61 (1986), 103-155. 

Labesse-Langlands 1979. J. -P. Labesse & R. P. Langlands, L-indistinguishability for SL(2). 
Canad. J. Math. 31 (1979), no. 4, 726-785. 

Murnaghan 1996. Fiona Murnaghan, Characters of supcrcuspidal representations of classical 
groups, Ann. Sci. Ecole Norm. Sup. (4) 29 (1996), no. 1, 49-105. 

Moy-Prasad 1994. Allen Moy & Gopal Prasad, Unrefined minimal K-types for p-adic groups, 
Invcntiones mathematicae. Volume 116 (1994), 393—408. 

Sally-Shalika 1968. P. J. Sally Jr. & J. A. Shalika, Characters of the discrete series of representa- 
tions of SL(2) over a local field. Proc. Nat. Acad. Sci. U.S.A. 61 1968 1231-1237. 



MOTIVIC PROOF OF A CHARACTER FORMULA FOR SL(2) 



51 



SchoU 1994. A.J. SchoU, Classical motives. Motives (Seattle, WA, 1991), 163-187, Proc. Sympos. 

Pure Math., 55, Part 1, Amer. Math. Soc., Providence, RI, 1994. 
Yu 2002. Jiu-Kang Yu, Smooth models associated to concave functions in Bruhat-Tits Theory, 

preprint 2002. 

Vigneras 2003. Maric-Francc Vigncras, Schur algebras of reductive p-adic groups I, Duke Math. 
J. 116, No. 1 (2003), 35-75. 

Department of Mathematics, University of Calgary 
E-mail address: cunnlngamath.ucalgary . ca 

Department of Mathematics, University of British Columbia 
E-mail address: gorSmath.ubc. ca 



